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Abstract.  We consider algorithms for combining advice from a set of
experts. In ead trial, the algorithm receives the predictions of the ex-
perts and producesits own prediction. A lossfunction is applied to mea-
sure the discrepancy between the predictions and actual obsenations.
The algorithm keepsa weight for eact expert. At ead trial the weights
are rst usedto help produce the prediction and then updated accord-
ing to the obserwed outcome. Our starting point is Vovk's Aggregating
Algorithm, in which the weights have a simple form: the weight of an
expert decreasesexponertially as a function of the lossincurred by the
expert. The prediction of the Aggregating Algorithm is typically a non-
linear function of the weights and the experts' predictions. We analyze
here a simpli ed algorithm in which the weights are as in the original
Aggregating Algorithm, but the prediction is simply the weighted aver-
age of the experts' predictions. We show that for a large class of loss
functions, even with the simpli ed prediction rule the additional loss of
the algorithm over the loss of the best expert is at most cln n, where
n is the number of experts and ¢ a constant that depends on the loss
function. Thus, the bound is of the sameform asthe known bounds for
the Aggregating Algorithm, although the constants here are not quite as
good. We userelative entropy to rewrite the bounds in a stronger form
and to motiv ate the update.

1 Intro duction

The focusof this paper is a certain classof on-line learning algorithms. In on-line
learning the algorithm receives one by one a sequenceof inputs x; and makes
after eadh x; a prediction Y. For ead input x; there is also a corresponding
outcome (or desiredoutput) y; which is revealedto the learner after it has made
its prediction ¥.

To de ne our on-line learning problem more closely we needto specify which

for judging the quality of the predictions ya. Regarding the input sequencesywe
take a worst-caseview that given somedomain X for the inputs and Y for the
outcomes,for ead t the pair (X;;y;) canbeany elemern of X £ Y. In particular,
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the pairs need not come from any probability distribution, and we make no
assumptions about possible dependencebetweeny; and x;. In this paper we
consider mainly the caseX = [0;1]" for somen and Y = [0;1]. Many of the
results have obvious extensionsto larger rangesof real inputs and outputs. We
sometimesalso considerthe special caseY = f 0; 1g wherethe outputs (but not
the inputs) are required to be discrete.

To judge the quality of the predictions, we rst introduce a loss function L
that givesa (nonnegative) quartity L (y;; Ya) asa measureof discrepancybetween
the prediction and actual outcome. The squarelossgivenby L(y;¥) = (yi 9)?
is a good example of a lossfunction suitable for our setting.

In addition to the loss function, it is essetial to give a comparison class
F of predictors as a referencepoint. The predictors are mappings from the
set of possible inputs X to the set of possible predictions. We then de ne
the total loss for an algorithm A that giveﬁthe predictions Y3 on a sequence
S = (X1;y1);::5;(x+;y)) as ngs\sg(S) = 2 L(yt; ), and similarly for a
predictor f 2 F aslLoss (S) = ,-; L(yt;f (Xt)). We can measurethe perfor-
mance of our prediction algorithm by consideringthe additional lossLoss (S)
infs or Loss (S) it incurs comparedto the best xed predictor from the compar-
ison class.We call such performancebounds relative loss bounds.

In the extreme casethat the outcomesy; are completely random, the algo-
rithm obviously cannot perform better than random guessing,but then neither
can the predictors from the comparison class,so the additional losscan still be
made small. In the more interesting extreme casethat one predictor f 2 F is
perfect and we have L (y;;f (x¢)) = O for all t, the algorithm can still be allowed
someinitial interval of bad predictions, but to achieve a small additional loss
it needsto quickly learn to make good predictions. Usually we are somewhere
betweentheseto extremes. Somepredictors from the comparison class predict
better than others, and the algorithm is required to perform roughly as well as
the better ones.

In this paper the comparison classeswe use come from the framework of
predicting with expert advice [Vov90,CBFH* 97]. We assumethere are n experts,
and the prediction of the ith expert for the tth outcomeis given by x¢; 2 [0; 1].
The vector x; of all the experts' predictions at trial t is then the tth input vector
to our algorithm. Hence,if we de ne E(x) = X;, then Losg;, (S) denotesthe loss
that the expert E would incur on the sequenceS. The obvious thing to do now

compare the loss of the algorithm to the loss min; Loss;, (S) of the best single
expert.

Earlier work on the expert framework by Vovk [Vov90] has shown that for a
very generalclassof lossfunctions his Aggregating Algorithm (AA) achievesthe
bound

Lossa (S) © Loss (S)+ ¢ Inn for all i (1)

where the constart ¢. depends on the loss function. For example, with the
square loss we have ¢, = 1=2. This bound has also been shovn to be essen-
tially optimal [HKW98]. (Notice that for the important special caseof absolute



lossL(y;¥) = jyi ¥, only bounds of a somewhat weaker form are possible
[LW94,Vov90,CBFH* 97].) Vovk's Aggregating Algorithm is basedon maintain-
ing for eadh expert a weight that is decreasedexponertially asthe expert incurs
loss. The predictions of the algorithm are of coursea®ectedmore by the experts
with large weights than by those with small weights, but the actual method
of obtaining the prediction is somewhat more complicated than just taking a
weighted averageof the experts' predictions.

The main technical novelty in this paper is consideringwhat happensif we
keepusing Vovk's algorithm for maintaining the weights but replacethe predic-
tion simply by the weighted average of the experts. Considering the optimality
of Vovk's algorithm, we cannot hope to outperform it, but it turns out that for
the simpli ed Weighted Average Algorithm (WAA) we can still prove the bound

Lossyaa (S) - Loss (S)+ e Inn for all i (2)

where g_ is a constart somewhatgreater than c_ in (1). For example, with the
squarelosswe have g, = 2 and ¢, = 1=2.

The main reasonwhy we want to consider the simpli ed prediction at the
cost of slightly larger additional lossis that the simpli ed algorithm leads to
simpli ed proofs of the relative lossbounds. Another intuitiv ely appealing aspect
of the weighted average as prediction is its probabilistic interpretation. If the
negated loss i L(y:;Xti ) can be interpreted as the log likelihood of y; given
model 5, then the weight of the expert 5 after the trials canbeinterpreted asthe
posterior probability assignedto that expert. The prior probabilities hereare the
initial weights of the experts. In this setting, the prediction by weighted average
correponds to the mean posterior prediction. The log loss, for which the log
likelihood interpretation is most obvious, hasbeenanalyzedin this context before
[Vov90,CBFH* 97,FSSW97. It turns out that in the special caseof log loss,the
prediction of the Aggregating Algorithm also is the weighted average, so the
Weighted AverageAlgorithm coincideswith the original Aggregating Algorithm.

In reducing the algorithm's dependenceon the particular loss function, the
next step would be Freund and Scapire's Hedge Algorithm [FS97] that needs
to assumeonly that the lossfunction hasa boundedrange. They can still prove
loss bounds of the same °avor as the bounds here, but in the slightly weaker
form of

P .
LOSSiedge(S) - Loss:; (S)+ a Losg; (S)) Inn+ binn for all i

for certain a;b > 0. Hence, there is a progressionof algorithms where Vovk's
original Aggregating Algorithm hasa weight update that is uniform for all kinds
of lossfunctions, but the prediction method is dependert on L. For the Weighted
AverageAlgorithm, the prediction is made by the weighted averageregardlessof
the lossfunction, but this happensat the cost of slightly worse constarts in the
lossbounds. Finally, the HedgeAlgorithm is even more uniform in its treatment
of loss functions, but the loss bounds get worse by more than just a constart.
(Also notice that the bound for the Hedge Algorithm does not work with the
unbounded log loss.)



After the technical remarks, consider now relating these results to a larger
body of work where the relative entropy is the fundamental concept for moti-
vating and analyzing Iearnip,g algorit'tyns [KW97]. Let u 2 R" andv 2 R"
be protability vectors; i.e., ui = (Vi = 1 and WiVi, 0 for all i. The
relative entropy betweenu and v is then de(u;Vv) = inzl ui In(uj=v;). To in-
troduce relative entropy methods into the present problem, it is useful to start
By coBS|der|ng a slightly extended comparison class. We de ne Los<"9(S) =

t=1 iz UiL(¥t;Xti ) to be the expected lossif we predict by a random ex-
pert chosen accordingto u. We “rst rewrite Vovk's original proof in order to
bring out how the additional lossincurred by the algorithm relatesto a relative
entropy. The resulting bound is

Lossyaa (S) - Los<Y9(S) + @ dre(u; V1) 3)

where v; is the algorithm's initial weigth vector. With v, = (1=n;:::;1=n),
andu; = 1and u; = Oforj 6 i, this simplies to bound (2) where compar-
ison is against the single best expert E. Note that since always Los<"9(S) |,

min; Loss;, (S), going from (2) to (3) doesnot bring any improvemert in the “rst

term of the bound. However, improvemert in the secondterm are possible. If
there are se\eral expert with nearly optimal performance,then substituting into
(3) a comparisonvector u that distributes the weight nearly evenly among the
good experts givesa signi cantly sharper bound than (2). As a simple example,
assumethat k experts all have somesmall lossQ. Then (2) givesthe lossbound
Q + e Inn while the bound (3) goesdown to Q + e_ In(n=k). The new method
brings out in a more explicit form the feature implicit in earlier proofs (see,
e.g., [LW94,Vov9Q)) that having more than one good expert results in a smaller
additional loss. For log lossthis feature, with bounds of the form (3) and proofs
analogousto ours, was already pointed out in [FSSW97.

Our secondusefor relative entropy is as a regularizing term in setting up a
minimization problem that givesVovk's rule for updating the weights. The basic
idea in such a derivation (see[KW97,HKW95] for other examples)is to seethe
update as an act of balancing the needto maintain old information by staying
closeto the old weight vector and the needto learn by moving the weights in
the direction of small losson the last example.

In Sect.2 we review the basicexpert framework and Vovk's algorithm. Sect.3
givesthe new upper bound for the additional lossachieved by the modi ed algo-
rithm that predicts with the weighted combination of experts. A straightforward
proofis givenin Sect.4. In Sect.5 werestate the bound and proof using arelative
entropy, and give a motivation for the algorithm in terms of a relative entropy
minimization problem. Finally, in Sect. 6 we generalizethe relative lossbounds
for the new algorithm to multi-dimensional predictions and outcomes.

2 The Setting and the Algorithm

We considera simple on-line prediction setting, wherelearning takesplaceduring
a sequenceof trials . At trial t, the learnertries to predict a real-valued outcome



Yi. The learner's prediction is denoted by ¥, and the performanceof the learner
is measuredby using a lossfunction L. Lossfunctions will be discussedin more
detail in Sect. 3, but for understanding the algorithm it is suzcient to think of,
say, the squarelossgivenby L(y;9) = (yi 2. The learner basesits prediction
¥ on an instance x;. In the expert-based framework we use here, we imagine
there is a setof experts , i = 1;:::;n, and the instance x; is an n-dimensional
vector where the ith componert xt,. of the tth instance can be interpreted as
the prediction given by expert § for the outcomey;.

We considerhere a speci ¢ kind of algorithm basedon maintaining a weight
on eafg1 expert. The weight vector v is normalized to be a prokability vector
(e, ;vi = 1,vi, 0), and vy can be interpreted as the algorithm's belief
in the expert E having the best prediction at the trial t. The prediction of the
algorithm at trial t is given by the weighted averageya = v ¢x.. After seeing
the outcomeyy, the algorithm updatesits weights. The update method and all
other details of the Weighted Average Algorithm (WAA) we consider here are
givenin Figure 1.

Sometimesit is more corveniert to expressthe update in terms of the un-
normalized weights

0 w1 1
Wi = Wi exp@; ?1; L(yj;%j:)A (4)
j=1

wherews; = vii. Now vy = Wi =W, whereW; = P i”:1 Wi isthe normalization
factor. Thus, ignoring the normalization factor, the logarithm of the weight of
an expert is proportional to the expert's accurmulated lossfrom precedingtrials.
We call this the lossupdate to emphasizethat only the valuesof the lossfunction
(and not its gradient etc.) are used.

The lossupdate of the Weighted AverageAlgorithm wasintroducedby Vovk
[Vova(Q] in his Aggregating Algorithm (AA) that generalizedthe Weighted Ma-
jority algorithm [LW94]. Howewer, the prediction of the Aggregating Algorithm
is usually given by a function that is non-linear in v; and depends on the loss
function. In contrast, we use the xed prediction function 3 = v ¢x; for all
lossfunctions. (A notable special caseis the log loss, for which the Aggregating
Algorithm also predicts with ¥a = v ¢x;.)

3 Basic Loss Bounds

We begin with a short discussionof somebasic properties of lossfunctions. The
de nitions of the lossfunctions most interesting to us are givenin Table 1. For a
lossfunction L, wede ne Ly () = L(y;¥) for conveniencein writing derivatives
with respect to . Note that with the exception of the absolute loss, all the loss
functions given in Table 1 are convey, i.e., Lo‘lx) > 0 for all x and y, and also
satisfy LI(y) = 0 for 0 < y < 1. This |mpI|es monotonicity, i.e., LJ(x) < 0 for
X<y and Lo(x) > 0 for x > y. We generalizethe derivative notatlon also for
the end pomts by de'ning L3(0) = L9(1) = 0. The absolutelossL(y;9) = jyi ¥j



Initialize  the weights to some probabilit y vector vy ;
set the parameter c to some positive value.
Repeat fort= 1;:::;":
1. Receiwe the instance x:.
2. Output the prediction Y9 = v¢ ¢X;.
3. Receiwe the outcome y;.
4. Update the weights by the loss update de ned as follows:

Vis1i = Vei exp(i L(yi; Xt )=0)=norm;

where

norm; = Vei exp(i L(yi;Xti )=0 :

Fig. 1. The Weighted AverageAlgorithm (WAA) for combining expert predictions

(and other lossfunctions that are not cortin uously di®ereriable) is not covered
by the bounds given in this paper.
Given some xed lossfunction L, considernow the total loss

X
Loss (S) = L(yi;¥)
t=1

su®eredby somealgorithm A on the trial sequencewith the instance-outcome

loss without making statistical or other assumptionsabout how the instances
and outcomesare generated.When no such assumptionsare made, one suitable
way of measuringthe quality of the learner's predictions is to compareit against
the lossesincurred by t|3e‘ individual experts on the same sequence.Thus, we
alsode ne Losg; (S) = o Lyt Xei)-

Consider rst the known bounds for the Aggregating Algorithm, which uses
the sameweights v; asthe algorithm of Figure 1 but a di®eren prediction Y.
To state the optimal constarts in the bounds, and the learning rates that leadto
them, de ne for z;p;q 2 [0; 1] (where z should be interpreted as a \prediction"
and p and g as two possible\outcomes") the ratio

Lo(2)L3(2)%i Lg(2)Lp(2)®
LY@LR2) i L§@LRD)

R(z;p;q) =
we de ne R(z;p;q) = 0in the special casep = qg. Let further

c = sup R(zpo :
0- zipig- 1

The bound for the Aggregating Algorithm originally given by Vovk [Vov90] can
now be stated as follows.



Table 1. Somecommon loss functions for the domain [0; 1] £ [0; 1]

loss function L value for L(y; )
square loss yi §?
relative entropy loss (1§ Y)In((Li ¥)=(Li W)+ yIn(y=) ¢
p— 2 P2
Helinger loss |2 "T7yi 11 p + Pyi b
absolute loss yi B

Theorem 1. LetL be a convexmonotone twice di®erentiable loss function and
AA be the Aggregating Algorithm with ¢, ¢ and initial weightswy; = 1. Then
for any sequen@ S = ((X1;y1);:::;(X*;y*)) we have

3 .

Lossa (S) - minLosg (S) + clnn : (5)
1

The Aggregating Algorithm was also consideredby Haussleret al. [HKW98],
who showed the bound (5) optimal in the sensethat under some reasonable
regularity conditions, for any on-line algorithm A there are sequencesS sud
that 3 ’

Lossi(S), minLoss (S) +c.Innj o1) ;
|

where o(1) approaches0 asn and * approach 1 in a suitable manner.
Vovk and Haussleret al. weremainly interestedin the binary casey; 2 f 0;1g
and actually state (5) only for that casein the form
3 .

Lossa (S) - minLoss; (S) + CLpin Inn (6)
|

wherec. ,in = sup, R(z;0; 1). The actual proof of Theorem 1 is a simple general-
ization of the earlier proofs [Vov90,HKW98] for (6); we omit it here. Haussleret
al. also use somespecial techniquesto show that for certain lossfunctions suc
as the squarelossand the relative entropy lossthe bound (6) holds even when
y: is allowed to range over the whole interval [0; 1]. (The value of the constart
for Hellinger loss for contin uous-valued outcomeswas left open in [HKW98].)
The new formulation of Theorem 1 givesa uni ed method of obtaining bounds
in the corntinuous-\alued case.For square,relative entropy, and Hellinger lossa
straightforward proof (omitted) shows that we actually have ¢, = c.. pin, SOthe
bound is the samefor contin uous-valued and binary outcomes.

The main cortent of the bound (5) is that evenfor a large number of experts,
the loss of the algorithm exceedsthe loss of the best expert only by a small
additive constart, regardlessof the number of trials. Thus, the algorithm is
good at weedingout the bad experts and then following the good ones.We can
prove a similar bound for the Weighted AverageAlgorithm that predicts with
9 = v¢ ¢x¢. De'ne
LD(2)?

R(z;p) = Lo%2)

()



Table 2. Comparison of the constants in bounds (5) and (9) for various lossfunctions.

loss function L cL e
relativ e entropy 1 1
square 1/2 2
Hellinger (21 2 1,0:71| 1

and
e = sup R(zp : (8)

O<z ;p<1

We can now state the bound for WAA as follows.

Theorem 2. LetL be a monotone convextwice di®erentiable loss function and
WAA he the Weighted AverageAlgorithm of Figure 1 with uniform initial weights
wii = 1 and with ¢, e . Then for any sqgquen@ S = ((X1;y1);:::; (X ;y)) we
have 3 ’

Lossyaa (S) - miin Losg (S) +clnn : (9)

A generalization for multi-dimensional predictions and outcomesis given in
Sect. 6.

To comparethe constarts ¢, and e_ in (5) and (9), respectively, recall that
(a+ b=a+ ) - maxf a=&’ b=Bg for any a;a’% b;’> 0. From this it is imme-
diate that ¢, - e . For the most usual cases(9) is strictly worsethan (5), as
can be seenfrom the comparisonin Table 2. For the relative entropy loss the
bouds are actually equal, which is no surprise sincethen alsothe algorithms are
the same(i.e., the Aggregating Algorithm also predicts with Y3 = v¢ ¢X;).

4 The Basic Upp er Bound Pro of

We apply to our situation the potential function method commonly used in
computer scienceto analyze on-line algorithms. Thus, we introduce a potential
P, with the value P; describing the algorithm's state just prior to trial t. Then
P: i Pi+1 isthe decreasen the potential due to trial t. The key in proving the
lossbound for an algorithm A is to shaw for ead trial t that the prediction Y
of A satis es

L(ys;R) - Pri Pra (10)

total loss of the algorithm is bounded by the total decreasein potential. The
basic question now is, how to choosethe potential P sud that the equation (10)
can be satis ed by a suitable choice of the prediction ¥, and the total increaseof
the potential givesinteresting lossbounds. This questionwasoriginally answered
for generallossfunctions by Vovk [Vov90] who generalizedthe potential usedin
[LW94] for the absolute loss. We shall next review Vovk's method for obtaining
total lossbounds from (10) using our notation and then showv how (10) can be



achieved by the prediction &3 = v; ¢x; with slightly worse constarts than with
Vovk's original prediction.

First, recall from Sect. 2 that our algorithm has,gt trial t an n-dimensional
weight vector w de ned in (4), and we write W; = i":l Wi . As our potential
we now choose

P = cln Wi (11)

where ¢ > 0 is the same constart that is used in the updates. As it turns
out, multiplying the weights by a constart a®ectsneither the algorithm nor our
analysisof it. Regardingthe potentials in particular, multiplying the weights by
a positive constart a translates into adding the constart cln a to the potential,
which leavespotential di®erencesina®ected.Thus, without lossof generality we
can scalethe initial weights sothat W1 = 1 holds, and P; = 0.

Elaborating further on our lossbound we get

Lossn(S) - P1i P
X
i cln wy; exp(j Losg (S)=¢
i=1
i clnwy; exp(i Loss (S)=9
Losg (S) i clnwy;

for any given expert i. In particular, in the absenceof any other preferenceit
seemsnatural to set all the initial weights equal, which giveswy; = 1=n for all

i and thus results in the nal bound
3

Loss(S) - minLoss (S) +cinn : (12)
I

To prove Theorem 2, it thus remains to showv that (10) is satised for the
Weighted Average Algorithm. This turns out to be true for all y; and x; ex-
actly when the constart c satis es the condition of the theorem.

To prove (10), ‘rst write the potential di®erencein the form

Wis1
Pii Pi+1 = j cln

X
=jcln Vii exp(i L(Yi; Xei )=0

t i=1

wherevi; = wg; =W, is the normalizedith weight. We usethe normalized weight
vector in the prediction by choosingya = v ¢x;. Then (10) becomes

X
L(yt;ve €X¢) - i cln Vei exp(i L(yi; Xt )=0 ;
i=1

or equivalertly
X

exp(i L(yi; vy ¢x¢)=0 , Vei exp(i L(yt; Xt )=0 :
i=1



If we de ne fy(x) = exp(i L(y;x)=0), (10) therefore is equivalent with

A !
X0 x
Vi Xt 5 Vi fy‘ (Xt;i ) :
i=1 i=1

Sincev, is a probability vector, this holds by Jensen'sinequality if fy, is concave.
Using the notation Ly (x) = L(y;X), we have

fy(x) = (i Ly(x)=0) exp(i Ly(x)=0

and
f20%) = (LY(X)=9? i LyIx)=0 exp(j Ly(x)=0) :

Hence, since we assumeL 9{x) to be positive, f){x) - 0 holds if and only if
¢, LI(x)?=LRx). Therefore, (10) holds for the prediction Yt = v ¢x, if the

B

constart c satis es

Lgt (Xt;i )2
T L9O(xei) '

This concludesthe proof of Theorem 2.
The result can be generalizedto multi-dimensional predictions, as we seein
Sect. 6.

5 Bounds Based on the Relativ e Entrop y

We now wish to considerboundsin which the lossof the algorithm is compared
not to the loss of the best single expert, but the loss of the best prokabilistic
combination of the experts. In particular, assumethat at trial t we predict
accordingto the prediction of an expert chosenat random, with expert E having
probability u; of being chosen.For such probabilistic predictions, the expected
lossover the whole sequences given by

X X
Losg4(S) = ujLoss: (S) = udLy; ;
i=1 t=1

where L denotesthe vector of lossesof the experts at trial t, i.e., Ly =
L (yt; Xt )-

As discussedin the introduction, we wish to bound the lossof the algorithm
in terms of the averagelossLos<"9 (S) and the distanced(u;v;) betweenu and
the algorithm's initial weight vector v, for somenatural distance function d. For
both the Aggregating Algorithm and the Weighted AverageAIgprithm, the most
suitable distance is the relative entropy given by dre(u;v) = = 1L, uj In(ui=v).
Our bound is then as follows.



Theorem 3. Let L be a monotone convex twice di®erentiable loss function,
and let the Weighted Average Algorithm WAA use arbitrary initial weightsv,
and parameter ¢ = ¢, where e is as in (8). Then for any sequene S =

Lossyaa (S) - Losg(S) + e dre(u;Vvy) : (13)

It is easyto seethat alsoin Vovk's original analysisone can usethe distance
de(u;Vv¢) asdonein the above bound. As a result one gets for the Aggregating
Algorithm a bound like (13) with ¢, instead of g_.

Pro of of Theorem 3: We expressthe progresstowards the referencevector u
as follows:

X Viaq i
die(U; Vi) i Ore(U;Visr) = ui In i;l -
i=1 t
_ g In Wi+ ;i Wy
=1 ! Wi Wt+l
X W,
=judlL{=c+ ui In !
i=1 t+l
= judL=c+ (P;j Pu1)=cC: (14)

Applying (10) now yields
L(yi;) - Pti Pier = utly+ c(de(u;ve)i de(u;visr)) :
Summing over all the trials we obtain
Losswaa (S) + Pri Pu1 = Losg9(S) + ¢ (die(u;V1) i Ore(u;Vvis1)) © (15)

Omitting the non-negative distance de(u;Vv-+1) gives the bound (13) of the
theorem. t

To seesomeinteresting details of the proof, notice that in (14), the probability
vector u is arbitrary. Soin particular we can chooseu = v; and thus obtain

i dre(Vi;Vis1) = Ve CLi=c+ (Pyj Pi+1)=C: (16)

Combining (14) and (16) givesus the following fundamertal connectionbetween
distancesand averagelosses:

ViCli = u L+ cfde(u;Ve)i de(U;Vis1) + de(Vi;Vi+1)g -

We conclude this section by pointing out a strong relationship betweenthe
update of the algorithm and the bound (13). One can show that the probability
vector u that minimizes the right-hand side of the bound (13) is v-4; . With



this minimizer u = v-4; the value of the bound equalsP; i P-+1 (which is
the constart value of the right-hand side of (15)). Thus, the weight vector v.1
produced by the lossupdate at the end of trial t is the minimizer of the bound
(13) with respect to the “rst t examples,and with this minimizer the bound on
the “rst t examplesbecomesP; j Pi+q .

Alternativ ely, the update of the algorithm canbe derivedin an on-line fashion
asvs1 = argmin, Ui (v) where

Ut(V) = cdre(V;Vvy) + v CL,

and v is constrained to be a probability vector. Again, substituting the mini-
mizing argumert into U; givesa potential di®erencenamely

Pei Prer = Up(Vesr) - Ue(ve) = ve Gl

Note that the above upper bound for P; j P+ is complemeried by the lower
bound (11) that is certral to the relative loss bounds proven for the expert
setting.

If we want to compare the loss of the algorithm to L(y;;u ¢x;) instead of
u ¢L, a better update might result from v+, = argmin, 0:(v) where

Oc(v) = cdre(V; V) + L(ye;V Cxy)

and againv is constrainedto be a probability vector. If the lossfunction is corvex
then L(y;;v ¢x;) - v 6L and U;(v) bounds U;(v) from above. The boundsthat
can be obtained for algorithms basedon minimizing O; [KW97 ,HKW95] di®er
signi cantly from the style of bounds we have here. When the lossL(y;;¥a) of
the algorithm is comparedto L(y;;u ¢x¢), it is usually impossibleto bound the
additional lossby a constart (such ase_ In n here). Howewer, bounds where the
comparisonis to L(y;;u ¢x;) are in somesensemuch stronger than the expert
style bounds of this paper.

6 Multi-dimensional  predictions

We now consider brie°y the case of multi-dimensional predictions. In other
words, instead of having real numbers as outcomesyy, experts' predictions X; ,
and predictions Y, we now have vectors from (some subset of) R¥, for some
k , 1. For instance, the experts' predictions and the outcomesmight be from
the k-dimensional unit ball x 2 RXjjjxji» - 1 . Sincethe prediction of eat
individual expert at a giventime t is a k-dimensional vector, all the expert pre-
dictions at time t constitute a k£ n matrix X . The prediction of the algorithm
will still be a weighted average (i.e., convex combination) of the experts' pre-
dictions: ¥, = X {v; wherethe weight vector v is maintained by multiplicativ e
updatesasbefore. A lossfunction is now de ned on RX £ R¥; a simple examples
would be L(y;¥) = jiy i i3

Consider now the proof of our main result Theorem 2. The only place where
we usethe fact that the valuesy; and x; are real numbersis in proving that



the function fy de ned by f,(x) = exp(i L(y;x)=¢ is concave for all y. We do
this proof by consideringthe sign of the secondderivative of f.

In the multi-dimensional case ,we analogouslyneedto provethat the function
fy de ned by fy(x) = exp(i L(y;x)=0 is conceve. If we nd a value for ¢ such
that this holds, then the rest of the proof goes as before and we again obtain
the familiar bound Lossyaa (S) - (min; Loss; (S)) + clnn. Alternativ ely we
can usethe relative entropy asin Sect. 5 and obtain the bound Lossyaa (S) -
Losg"9(S) + cdwe(u;Vvy) for any probability vector u.

Considernow whenf is concave. Let us denotethe gradiernt and Hessianof
fy by r fy and D?f,, respectively. We needto nd out when D?f, is negative
semide nite everywhere. Thus, we have

1 ;
(1500, = B = 21, 0 BYX)
and
| ! g
N2 ¢ _@fy(x)_1 1@(y;x) @(y;x) . @L(y;x)
POt ee ™ e & &

For z 2 R we now have z" D?fy(x)z - 0if and only if
(z ¢r Ly(x))*=ci z"D?Ly(x)z- O : (17)

Note that in order to have this hold for all z we at leastneedto havez " D?Ly (x) z
positive, i.e., the lossL(y;x) needsto be convex in x. In this casewe get for c
the condition

(2 ¢r Ly(x))*
" zyix 2TD2Ly(x)z

wherey and x in the supremum range over the possiblevaluesof outcomesand
(single) experts' predictions, respectively, and z rangesover R ¥. Comparing this
with the constart . de ned in (8), we seethat the rst and secondderivatives
there are here in somesensereplacedwith “rst and secondderivativesin some
direction z, wherethe direction z is chosenas the worst case.

As a rst example, consider the square loss L(y;x) = jjy i xjj3. Then
rLy(x) = 2(x i y), and D?Ly(x) = 21 wherel is the identity matrix. Hence,
we get

C

(zer Ly(x)® _ (ze@x i 2y)* .

z"D?Ly (x)z 2z2 '

and this expressionobtains its maximum value 2(x j y)? when z is parallel to
X i y. Hence,if the outcomesy, and the experts' predictions x; are from a ball
of radius R, so(x j y)?- 4R?, we cantake c= 8R?, which gets us the bound

Lossyaa (S) - Los<¥¥(S) + 8R?Inn

for any u.



Sincethe squarelossin the multi-dimensional caseis simply the sum of square
losseson individual componerts, we could try handling the k-dimensional case
simply by running k copiesof the Weighted AverageAlgorithm and predicting
ead componert independertly of ead other. Let us denote the resulting algo-
rithm by WAA(k) and compare this approach to the one analyzed above. It is
easyto seethat if we allow the experts' predictions and outcomesin the one-
dimensional caseto range over [j B;B] instead of [0; 1], we must for squareloss
replacethe constart . = 2 by e_(2B)? = 8B2. The bound we get is then

I
v A % !
Lossyaa (k)(S) - min - (y i (%)) +8BZInn:
j=1 t=1

Comparing this with the bound we have for the true multi-dimensional Weighted
AverageAlgorithm (WAA), we seethat the rst term in the bound for WAA( k)
can be much lower if there are experts that are good for predicting some but
not all of the componerts. This potential for better 't is what WAA(k) gains
by having kn instead of n weights. On the other hand, the secondterm in the
bound for WAA(K) is linear in k, which is where WAA(k) losesfor having so
many weights. (Of course,depending on how the vectorsy; and x; are located
in R¥, the factor 8R? in the bound for the true multi-dimensional WAA may
also grow linearly in k.)

As another example, consider the relative entropy loss L(y;x) =

}‘:1 yj In(y; =%; ), whergwe assumethat y and x arein the probability simplex:

Vi;Xi , 0and RIS 1. Then
@y (x) _ i yi
@ Xi
and
@Ly (x) - Vi
@ @ xz
where+; = 1fori = j and & = O otherwise. Now, giveny, x and a vector

=i E[Q] ;

N
fxd
=
—
<
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x
~
I
N
]
<
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|

and similarly
X y X

z'DLy(X)z= Z’5 =Yg

i=1 j

)
|

= E[Q?] :

i
x?

Thus, we have
(z ¢r Ly(x))® _ E[QP
zTD2L,(x)z ~ E[Q?]

(=Y




by the usual properties of random variables. Hence, for relative entropy losswe
have 3 .
Lossyaa (S) © minLoss (S) + Inn
|

even in the multi-dimensional case.

A Old-st yle pro of for contin uous-valued outcomes

We usethe notations and conceptsof the earlier parts of this paper. Our goal is
to provide a suxcient condition for the constart ¢ sud that the key inequality
(10) holds. The main ideais to obtain somethinglik e the old proof [HKW98] that
givesthe tighter constart c_, yet is more generalin that it holds for contin uous-
valued outcomesy; 2 [0; 1] without the additional assumptionsusedin the earlier
work.

Thus, we are setto prove L(y;;a) - Pt Pi+1 for the potential de ned in
(11). Let us now de ne

xo
¢«(y)=jcln Vii exp(i L(y;Xti)=0 : (18)
i=1

That is, ¢ ((y) is the potential drop that would occur if the tth outcome were
y. The key inequality then becomesL (y;;¥a) - ¢ :(y:). Sincethe learner must
chooseits prediction Y3 sothat the key inequality holds for all possibleoutcomes
yt, the condition for the prediction is that

L(y;¥) - ¢(y) (19)

holds for all y 2 [0;1]. Sincewe assumeL (y; ) to be cortinuous, and decreasing
in & for < y and increasingfor ¥ > vy, for ead y there is a corntin uous range of
valuesya that would satisfy (19) for that y. More speci cally, let us de ne

Ai(y) = minf 92 [0;1]j L(y;9) - ¢(y)g
and
Bi(y) = maxf 92 [0;1]j L(y;8) - ¢(y)g :

Notice that ¢ ((y) is always nonnegative, sosincelL (y;y) = OandL is cortinuous,
A:(y) and B¢(y) are always well-de ned and Ai(y) - y - B(y). Now (19)
becomes

A(y) - - Bi(y) ¢
For an acceptabley to exist, the condition is then that

[At(y);Bi(Y)] 6 ;

y2[0;1]
or, equivalertly, that
max_ A - min B : 20
max Auy) - min Bi(y) (20)



We now go on to prove that A¢(g) - B¢(p) holds for all possible outcomes
p;q2 [0;1]. Thus, x arbitrary valuesp;q2 [0; 1]. (To prove (20), we could just
take p = argmax, A¢(y) and q = argmin,B¢(y), but this would not simplify the
proof.) First we make some obsenations that simplify technical details. Since
always A¢(y) - vy - Bi(y), we can without loss of generality assumep < q. If
we now have L(p;0) > L(p;1), we get L(g;0) > L(p;0) > L(p;1) > L(qg 1).
Therefore, we may assumethat either L(p;0) - L(p;1) or L(g;1) - L(g;0). We
do the proof assumingL (p;0) - L(p;1); the secondcaseis similar.

Our proof for A¢(q) - Bi(p) is basedon consideringthe connection between
L(p;z) and L(q;z) for 0 < z < 1. In general, knowing that L(qg;z) = a is not
enoughto uniquely determine L(q; z), sincethere can be two valuesz; < q< 2z,
such that L(q;z1) = L(g;z2) = a but L(g;z1) 6 L(qg;z2). However, for our
purposesit is sutcient to obtain a mapping that connectsL (p;z) and L(q;z)
for z in a suitably restricted range.Hence,for z 2 [p;1] we de ne G(z) = L(p;2).
SinceG is continuous and strictly increasingin its domain [p; 1], it hasa strictly
increasing and cortinuous inverse Gi 1 in the range of G, which is [0; L(p;1)].
Notice that by our assumptionL (p;0) - L(p;1), the value L(p;z) isin the range
of G alsofor 0 - z < p. Notice also that if we have ¢ (p) , L(p;1), then
B¢(p) = 1 and our claim A{(q) - B:(p) clearly holds. Hence,we assumewithout
lossof generality that ¢ ((p) < L(p;1), so¢ ((p) is in the range of G.

ForO- z- 1,dene &2z) = exp(j L(p;z)=0 and °(z) = exp(j L(qg;z)=0.
We get a function f sud that f (&z)) = °(z) forp- z- 1by de ning

f(r) = exp(i L(g;G' (i cInr))=0

for exp(j L(p;1)=0 - r - 1. Our proof for A¢(g) - B:(p) consistof proving two
claims.

Claim 1 If the function f is concavein [p;1] then A¢(g) - B(p).

Claim 2 If ¢, R(z;p;q) for 0< z < 1 where

o L@Ly@%i Ly(@L3(2)?
R(z;p;q) = &Qﬁ%ﬂié@ﬂ&a,

then the function f is concave in [p;1].

Hence,sincec_ is an upper bound for R(z; p;q), we seethat A;(q) - B:(p)
holdsfor c, c_.

To prove Claim 1, assumenow that f is concave, that is f °{®(z)) - 0 holds
forp< z< 1.Dene x{; = G Y(L(p;Xy;i ). Thusxy = ¢ for p- Xy, and for
0. X¢ < pwestill have L(p;x%) = L(p;xgi) and L(g;x%;) - L( Xy ). Since
°(z) increasesas L (q; z) decreasesye have

X X 0
Ce(@=icln v ®(xei), icln v (xg) e
i=1 i=1



Applying concavity of f we now get

X 0
Ce(q), icln vy °(Xg)
i=1

icin v f(®(xY))

i=1

X
icln v f(®(Xti )
=R !
xXo
, iciInf Vi ®(Xti )
A =R "
. X
L Gt jcin vy ®Xei)
i=1

L(gG (¢ (p) :

Hence, we have Gi (¢ ((p)) , A:(qg), and since G is strictly increasing this is
equivalent with ¢ ((p) , G(A:((q) = L(p;A¢(g). Therefore, A¢(g) - Bi(p),
which was our claim.

We now prove Claim 2. Consider z 2 [p;1]. We have f (&(z)) = °(z) and
thus f (®(z)) = °Yz)=@Xz). Di®erertiating further, we obtain f {®(z))@%z) =
CN)@2) i °A2)&12))=&F2)?. Since @z) = | Lp(2)®&(z)=c < 0, we have
f®z)) - 0if and only if °°{2)®%(z)i °Yz)®{z), 0. By substituting @Yz) =
i Lp(2)®(2)=c and &z) = (i Lp{z)=c+ (Lp(2))*=c)®(z), and using similar
expressionsfor °Yz) and °°{z), we seethat f °{®(z)) - 0if and only if

t¢@(2)° (2)
(.'6 5

i i

i LY@L(2)? + Ly(@L3(@)? + ¢ Ly@L2) i Ly(2L2) o:
Finally, sinceour assumptionsimply L3(z)L3{z)i L§(z)L3{z) > O, we conclude
that f°{®(z)) - 0 holdsif ¢, R(z;p;0).
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