AMS 147 Computational Methods and Applications Course Project

Use RK4 to solve theinitial value problem of van der Pol equation
{y’+u(y2—l)>/+y=0
y(0)=0, y(0)=4
We write the second order ODE as afirst order ODE system
d o~/ =
L= F(W(t).t)
W(0) =W,
y

where W (t) = (y(t), y(t)). Theinitial valueis W (0)=[0, 4].

Task 1:  |Numerica error estimation and selection of atime step

For u =3, solve for W(t) fromt=0tot = 100.

Run simulations using time steps
101 1
- ?, 2_4, saay ?
Do numerical error estimations at t = 100 (see Appendix for numerical error estimation)

Plot the 2-norm of estimated error vs. time step h. Use logarithmic scales for both the
horizontal axis (time step) and the vertical axis (2-norm of the estimated error).

Select atime step h,, such that

2-norm of estimated error < 0.5x107*
Use the selected time step h, in all of the ssmulations below.

Task 2. [Study the period of limit cyclg

Ast —+o, the solution W (t) = (y(t), y'(t)) convergesto asteady sate limit cycle.

We assume that W (t) = (y(t), y'(t)) hasalready converged to the limit cycle for t = 70.

The period of thelimit cycleisthe period of y(t) for t = 70.

Find the period T of the limit cycle based on the numerical solution of y(t) for 70 <t < 100
(which isaset of discrete points).

Carry out the calculationsfor 4 =[0.1:0.1: 3] .
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Plot ZL , the period of thelimit cycle normalized by 2, as afunction of p.
n

Task 3:  |Validate the assumption in Task 2
In Task 2, we find the period using the numerical solution of y(t) for 70 < t < 100.

Repeat the calculations and plotting in Task 2 using numerical solution of y(t) for
120 <t < 150

Do you see any difference in the plot of period vs. u?
Do you think the assumptionin Task 2 isvalid?

Task 4 [Study the convergence of W(t) =(y(t), y'(t)) onto thelimit cycle.

We assume that the trajectory of the limit cycle is described by the numerica solution of
W(t) =(y(t), y'(t)) for 70 <t =< 100.
For 0< t < 10, find the distance from W(t) = (y(t), y'(t)) to the trajectory of the limit cycle.

*** Important ***:

To speed up the calculation, select only about 100 points from the numerical solutionsfor 0 <
t < 10, and calculate the distance from each point to the trgjectory of the limit cycle. If you
calculate the distance from every point in the numerical solution for 0 <t < 10, the
calculation will be too slow.

Carry out the calculationsfor ©=0.1, 0.2, 0.3, 0.5, 1.0
Plot the distance as afunction of t for these values of .

Compare the convergence onto the limit cycle for these values of .

Appendix: Numerical error estimation in solving ODE systems
Consider solving the initial value problem

%W(t): E(W(t). 1)
W(0) =W,

Let W(t) be the exact solution at t.
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Let Wy, (h) be the numerical solution at time = N h, obtained with time step h using RK4.

We have

W, (h) =W(Nh)+Ey (h)
Ey (h) = C,h* +o(h*)

) ) ) ) h
To estimate the error, we run ssmulations withh and 5

Wy (h) =W(Nh)+C,h* +0o(h*)
Wy (g] =W(Nh) +2—14C§4h4 +o(h*)

> Vi (h) - Wiy (gj - (1- 2—14)64h4 +ofn)

UNORUME

)

Since E, (h)=C,h* + o(h“), we obtain

==> é4h4 =

j+o(h4)

h

_ 16( - _
Ex (h) = E(WN (h)_WZN (ED
The norm of the estimated error is

e, (001~ 2] ()i )

where

Wy, (h) =W,y (gj H denotes the 2—norm of Wy, (h) — W, (2) .



