AMS 10/10A, Homework 8 Solutions

Problem 1. v is an eigenvector since

4
Av = —4 = 4u
16

Problem 2. A =1 is an eigenvalue since det(A — I) = 0.

Problem 3:

e Eigenvalues of A are A\ =2 and Ay = 9.

L -2
For A\ = 2 a corresponding eigenvector is } :

1
For A\; =9 a corresponding eigenvector is ] .

e Eigenvalues of B are \; =1 and Ay = 9.

. . |
For A\ = 2 a corresponding eigenvector is } .

. . 1
For \; =9 a corresponding eigenvector is } :

e Eigenvalues of C'are Ay =1, Ay = —1 and A3 = 3.

For A\ = 1 a corresponding eigenvector is

0
1
0
-1
For Ay = —1 a corresponding eigenvector is [ 0
1
For \; = 3 a corresponding eigenvector is | 0
1

Problem 4: The characteristic polynomial is
det(A — M) =\ — (a+ )\ + ac — b*
For the characteristic equation A\* — (a + ¢)\ 4+ ac — b* = 0, we have

(a+c)* —4(ac —b?) = a* + & — 2ac + 4b* = (a — ¢)* + 4b*> > 0

1



Therefore, the eigenvalues cannot be complex.

Problem 5: The characteristic polynomial is

det(A—\) = det{sm_(ils;?) sin(g;)sfe”

= A —2sin(@)A+1

The characteristic equation A2 — 2sin(#)A + 1 = 0 has two solutions:

e )\ =sin(0) + cos(#)i, a corresponding eigenvector [ _1 }

e )\, =sin(f) — cos(#)i, a corresponding eigenvector [ 1 }

Problem 6:  Since )\ is an eigenvalue of A, there exists a nonzero vector v such that

Av = Av. Since
A Av) = AFOw) = A(AF)
M2 (Av) = M2 (0w) = NAM

= My

AFy =

A\¥ is an eigenvalue of A*.

Problem 7. If \ is an eigenvalue of an invertible matrix A, A must be nonzero.

Therefore, A™! is an eigenvalue of A=t

Problem 8. The characteristic polynomial of AT is

det(AT — XI) = det((A—XD)") = det(A — \)

Therefore, A and AT have the same eigenvalues.



Problem 9.

1 S 1
1 S 1
A — a1+a2+...+an: . = S

1 S 1

1
. . 1 . . .

Therefore, s is an eigenvalue and | . | is a corresponding eigenvector.

1

Problem 10. Since civ; + covy is not the zero vector and satisfies

A(c1vy + o) = clAvy + cAve = 1 vy + oAy

= )\(clvl + CQ?JQ)

it is an eigenvector of A corresponding to A.

Problem 11. The eigenvalues and their multiplicities are
e )\, = 3, with algebraic multiplicity 1 and geometric multiplicity 1;
e )\, = —2, with algebraic multiplicity 1 and geometric multiplicity 1;

e )3 = 1, with algebraic multiplicity 2 and geometric multiplicity 1;

Problem 12.
0o 2 3 3
0 -2 a 3
A=l =19 0 0 1
0 0 0 -2
The echelon form of A — 41 is
0 2 3 3
00 a+3 6
0 0 0 1
0 0 0 0
When a = —3, there are two free variables in homogeneous equation (A —47)z = 0. There-
fore, when a = —3 the geometric multiplicity of A =4 is 2.



Problem 13.

1
0
[0
)\2 = 8+22, Vg = 1
|1
[0
)\3 = 8—22, V3 = —1

Problem 14. The characteristic polynomial is

a— A b
det(A—XI) = det
c d— A

= XN = Xa+d) + (ad — be)
Let Ay and Ay be the two solutions of the characteristic equation
M — XNa+d) + (ad —be) =0
The characteristic equation can be written as

(A=A)A=A) =0
- )\2—)\()\1+/\2)+>\1')\2:0

Comparing the two expressions for the characteristic polynomial, we conlcude

A1+ A2 = ad — be = det(A)

Problem 15. Comparing the two expressions for the characteristic polynomial in Problem
14, we conlcude
)\1 + /\2 =a+ d



