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Abstract
Wedescribethemaximum-likelihoodparameterestimationproblemandhow theExpectation-
Maximization(EM) algorithmcanbeusedfor its solution. We �rst describetheabstract
form of theEM algorithmasit is oftengivenin theliterature.We thendeveloptheEM pa-
rameterestimationprocedurefor twoapplications:1) �nding theparametersof amixtureof
Gaussiandensities,and2) �nding theparametersof a hiddenMarkov model(HMM) (i.e.,
the Baum-Welch algorithm)for both discreteandGaussianmixture observation models.
We derive the updateequationsin fairly explicit detail but we do not prove any conver-
genceproperties.We try to emphasizeintuition ratherthanmathematicalrigor.
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1 Maximum-lik elihood

Recallthede�nition of themaximum-likelihoodestimationproblem. We have a densityfunction
������� �	� thatis governedby thesetof parameters� (e.g.,� mightbeasetof Gaussiansand � could
be the meansandcovariances).We alsohave a datasetof size 
 , supposedlydrawn from this
distribution,i.e., �
���

�����������������	� . Thatis,weassumethatthesedatavectorsareindependentand
identicallydistributed(i.i.d.) with distribution � . Therefore,theresultingdensityfor thesamplesis

���

�

� ���

�

�

�

���

�

��� �

�

� �	�

�"!

�#�$�

�

�%�

Thisfunction !

�#�$�

�

� is calledthelikelihoodof theparametersgiventhedata,or justthelikelihood
function. Thelikelihoodis thoughtof asa functionof theparameters� wherethedata � is �x ed.
In themaximumlikelihoodproblem,our goal is to �nd the � thatmaximizes! . That is, we wish
to �nd �	& where

�

&

� argmax
�

!

�'�(�

�

�%�

Oftenwemaximize)+*-,

�

!

�#�$�

�

�.� insteadbecauseit is analyticallyeasier.
Dependingon the form of ������� �	� this problemcanbe easyor hard. For example,if ������� �	�

is simply a single Gaussiandistribution where �

�

� /���0�12� , then we can set the derivative of
)+*3,

�

!

�'�(�

�

�.� to zero,andsolve directly for / and 0
1 (this, in fact,resultsin thestandardformulas

for themeanandvarianceof adataset).For many problems,however, it is notpossibleto �nd such
analyticalexpressions,andwemustresortto moreelaboratetechniques.

2 BasicEM

TheEM algorithmis onesuchelaboratetechnique.TheEM algorithm[ALR77, RW84,GJ95, JJ94,
Bis95, Wu83] is ageneralmethodof �nding themaximum-likelihoodestimateof theparametersof
anunderlyingdistribution from agivendatasetwhenthedatais incompleteor hasmissingvalues.

Therearetwo main applicationsof the EM algorithm. The �rst occurswhenthe dataindeed
hasmissingvalues,dueto problemswith or limitations of the observation process.The second
occurswhenoptimizingthe likelihoodfunction is analyticallyintractablebut whenthe likelihood
functioncanbe simpli�ed by assumingthe existenceof andvaluesfor additionalbut missing(or
hidden) parameters.Thelaterapplicationis morecommonin thecomputationalpatternrecognition
community.

As before,we assumethatdata � is observedandis generatedby somedistribution. We call
� theincompletedata. Weassumethata completedatasetexists 45�

�

�

�.6�� andalsoassume(or
specify)a joint densityfunction:

��� 78� �	�

�

�����9��:;� �	�

�

��� :<� �9�=�	�>��� ��� ���

.
Wheredoesthis joint densitycomefrom? Oftenit “arises”from themarginal densityfunction

������� �	� andtheassumptionof hiddenvariablesandparametervalueguesses(e.g.,our two exam-
ples,Mixture-densitiesandBaum-Welch). In othercases(e.g.,missingdatavaluesin samplesof a
distribution),wemustassumea joint relationshipbetweenthemissingandobservedvalues.
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With thisnew densityfunction,wecande�ne anew likelihoodfunction, !

�#�$�

4

�

�"!

�'�(�

�

�.6��

�

���

�

�.6$� �	� , calledthecomplete-datalikelihood.Notethatthis functionis in facta randomvariable
sincethemissinginformation 6 is unknown, random,andpresumablygovernedby anunderlying
distribution. That is, we canthink of !

�'�(�

�

�.6��

�

����� �

� 6�� for somefunction
����� �

��� � where �

and � areconstantand 6 is arandomvariable.Theoriginal likelihood !

�'�(�

�

� is referredto asthe
incomplete-datalikelihoodfunction.

TheEM algorithm�rst �nds theexpectedvalueof thecomplete-datalog-likelihood)+*-,

���

�

�.6 � �	�

with respectto theunknown data6 giventheobserveddata� andthecurrentparameterestimates.
Thatis, wede�ne: �

�#� �=�
	

���

��


�

����� )+*3,

���

�

�.6 � �	�2�

�

�=��	

���

��
��

(1)

Where �

	

���

��


arethecurrentparametersestimatesthatwe usedto evaluatetheexpectationand �

arethenew parametersthatweoptimizeto increase
�

.
This expressionprobablyrequiressomeexplanation.

�

The key thing to understandis that
� and �

	

���

��


are constants,� is a normalvariablethat we wish to adjust,and 6 is a random
variablegovernedby thedistribution �

� :<�

�

�=�

	

���

��


� . Theright sideof Equation1 canthereforebe
re-writtenas:

��� ) *-,
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�.6$� �����
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�! : � (2)

Note that �

� :;�

�

�=�

	

���

��


� is themarginal distribution of theunobserveddataandis dependenton
boththeobserveddata� andonthecurrentparameters,and " is thespaceof values: cantakeon.
In thebestof cases,this marginal distribution is a simpleanalyticalexpressionof theassumedpa-
rameters�

	

���

��


andperhapsthedata.In theworstof cases,thisdensitymightbeveryhardtoobtain.
Sometimes,in fact,thedensityactuallyusedis �

� : �

�

� �

	

���

��


�

�#�

� :<�

�

�=�

	

���

��


�

�

�

�

� �

	

���
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� but
thisdoesn't effectsubsequentstepssincetheextra factor, �

�

�

�

� �

	

���

��


� is notdependenton � .
As an analogy, supposewe have a function

�

��� �$� � of two variables.Consider
�

��% �'& � where
% is a constantand & is a randomvariablegovernedby somedistribution �)(

��* � . Then +

��% �

�

�,(.-

�

��% �'& �0/

�21

�

�

��% ��:��

�3(

��* �� : is now a deterministicfunction that could be maximizedif
desired.

Theevaluationof this expectationis calledtheE-stepof thealgorithm.Noticethemeaningof
the two argumentsin the function

�

�#� �=�54�� . The �rst argument� correspondsto theparameters
thatultimatelywill beoptimizedin anattemptto maximizethe likelihood. Thesecondargument

�64 correspondsto theparametersthatweuseto evaluatetheexpectation.
Thesecondstep(theM-step)of theEM algorithmis to maximizetheexpectationwecomputed

in the�rst step.Thatis, we �nd:

��	

�




� argmax
�

�

�#� �=�
	

���

��


�=�

Thesetwo stepsare repeatedasnecessary. Eachiteration is guaranteedto increasethe log-
likelihoodandthealgorithmis guaranteedto convergeto a local maximumof thelikelihoodfunc-
tion. Therearemany rate-of-convergencepapers(e.g.,[ALR77, RW84, Wu83,JX96,XJ96]) but
wewill notdiscussthemhere.

7

Recall that 8:9 ;=<?>A@'B CEDGF�HID

1KJ

;=<?L�@�MON�P QA<?L=B FR@�S$L . In the following discussion,we drop the subscriptsfrom

differentdensityfunctionssinceargumentusageshouldshoulddisambiguatedifferentones.
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A modi�ed form of theM-stepis to, insteadof maximizing
�

�#� �=�
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� , we �nd some �
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suchthat
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�#� �=�
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� . This form of thealgorithmis calledGeneralizedEM
(GEM) andis alsoguaranteedto converge.

As presentedabove, it' s not clearhow exactly to “code up” the algorithm. This is the way,
however, thatthealgorithmis presentedin its mostgeneralform. Thedetailsof thestepsrequired
to computethe given quantitiesarevery dependenton the particularapplicationso they arenot
discussedwhenthealgorithmis presentedin thisabstractform.

3 Finding Maximum Lik elihoodMixtur eDensitiesParametersvia EM

Themixture-densityparameterestimationproblemis probablyoneof themostwidely usedappli-
cationsof theEM algorithmin thecomputationalpatternrecognitioncommunity. In this case,we
assumethefollowing probabilisticmodel:

��� ��� ���
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� ��� %

�

�

wheretheparametersare �

�

�

�

�
���������

�

�

� %
�

��������� %

�

� suchthat �

�

���

�

�

�

��� andeach�

� is a
densityfunctionparameterizedby %

� . In otherwords,we assumewe have � componentdensities
mixedtogetherwith � mixing coef�cients

�

� .
Theincomplete-datalog-likelihoodexpressionfor thisdensityfrom thedata � is givenby:

)+*3,
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whichis dif�cult to optimizebecauseit containsthelog of thesum.If weconsider� asincomplete,
however, andposit the existenceof unobserved dataitems 6

� �

*

�

�

�

���

� whosevaluesinform us
which componentdensity“generated”eachdataitem, the likelihood expressionis signi�cantly
simpli�ed. That is, we assumethat *

���

�

���������

� for each � , and *

�

��� if the ����� samplewas
generatedby the �

��� mixturecomponent.If weknow thevaluesof 6 , thelikelihoodbecomes:

)+*3,
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!
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�

�! 
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�

� %

�! 

�.�

which, given a particularform of the componentdensities,can be optimizedusing a variety of
techniques.

Theproblem,of course,is thatwe do not know thevaluesof 6 . If we assume6 is a random
vector, however, wecanproceed.

We �rst mustderive anexpressionfor thedistribution of theunobserveddata.Let's �rst guess
at parametersfor themixturedensity, i.e., we guessthat �#"

�

�

�

"

�

���������

�

"

�

� %

"

�

��������� %

"

�

� arethe
appropriateparametersfor thelikelihood !

�'�
"

�

�

�.6�� . Given �
" , wecaneasilycompute�




��	

�

� %

"




�

for each � and $ . In addition, the mixing parameters,
�


 canbe thoughof asprior probabilities
of eachmixturecomponent,that is

�




�

��� componentj � . Therefore,usingBayes's rule, we can
compute:
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and

��� :;�
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�=�
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"

�

where :

�

��* � ������� �'* ��� is an instanceof the unobserved dataindependentlydrawn. Whenwe
now look at Equation2, we seethat in this casewe have obtainedthedesiredmarginal densityby
assumingtheexistenceof thehiddenvariablesandmakinga guessat theinitial parametersof their
distribution.

In thiscase,Equation1 takestheform:
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In this form,
�

�'� �=� " � looksfairly daunting,yet it canbegreatlysimpli�ed. We �rst notethat
for �

�
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������� �

� ,
�
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�
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since �
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���

�

���

�

� 	




�=� " �

� � . UsingEquation4, wecanwrite Equation3 as:
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To maximizethisexpression,we canmaximizethetermcontaining
�

� andthetermcontaining
%

� independentlysincethey arenot related.
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To �nd theexpressionfor
�

� , we introducetheLagrangemultiplier
�

with theconstraintthat
�

�

�

�

� � , andsolve thefollowing equation:
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Summingbothsizesover � , wegetthat
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For somedistributions,it is possibleto getananalyticalexpressionsfor %

� asfunctionsof everything
else.For example,if weassume -dimensionalGaussiancomponentdistributionswith mean/ and
covariancematrix � , i.e., %
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� /��
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To derive the updateequationsfor this distribution, we needto recall someresultsfrom matrix
algebra.

Thetraceof a squarematrix tr �$# � is equalto thesumof # 's diagonalelements.Thetraceof a
scalarequalsthatscalar. Also, tr �%# �'& �

� tr �%#�� � tr �%& � , andtr �%#(& �

� tr �%&)#�� which implies
that �

�

	"*

�

# 	

�

� tr �%#(& � where &

� �

�

	

�

	"*

� . Also notethat � #$� indicatesthedeterminantof a
matrix,andthat � #

�

�

�

� �,+

� #$� .
We'll needto take derivativesof a functionof a matrix �

�$# � with respectto elementsof that
matrix. Therefore,we de�ne -�.

	�/




-

/

to be the matrix with �

�

$ ��� entry -0-�.
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/ where 5
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 is the

�

�

$
��� entry of # . The de�nition also appliestaking derivatives with respectto a vector. First,

-
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�

/6�

-

�

�

�%# �7#8*�� 	 . Second,it canbeshown thatwhen # is asymmetricmatrix:
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�

$
��� cofactorof # . Giventheabove,weseethat:
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by thede�nition of theinverseof a matrix. Finally, it canbeshown that:
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Taking the log of Equation6, ignoring any constantterms(sincethey disappearafter taking
derivatives),andsubstitutinginto theright sideof Equation5, weget:
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Takingthederivativeof Equation7 with respectto /

� andsettingit equalto zero,weget:
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� , notethatwecanwrite Equation7 as:
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Takingthederivativewith respectto �
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�

���

�

� 	

�

�=�

"

��� �

�

��� diag�

�

�

���

�

�

�

�

�

���

�

���

�

� 	

�

�=�

"

�����




�

�

�

� diag�




�

�

�

���

�

�

�

�

�

���

�

���

�

� 	

�

�=�

"

�8���

�

�

�

�

� diag�

�

�

�

�

���

�

���

� diag���9�

where�

�

�

�

���

� �




�

�

� andwhere�

�

�

1

�

�

���

�

���

�

� 	

�

�=�
"

�

�

�

�

� . Settingthederivativeto zero,i.e.,
�	�

� diag�
� �

�
� , impliesthat �

�
� . Thisgives
�

�

���

�

���

�

� 	

�

�=�

"

�8�

�

���




�

�

�

�

�
�

or

�

�

�

�

�

�+�

�

���

�

� 	

�

�=�
"

�




�

�

�

�

�

���

�

���

�

� 	

�

�=�

"

�

�

�

�

�+�

�

���

�

� 	

�

�=� " ���
	

�6�

/

�

����	

� �

/

�

��*

�

�

�+�

�

���

�

� 	

�

�=�

"

�
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Summarizing,theestimatesof thenew parametersin termsof theold parametersareasfollows:

�

�����

�

�

�




�

�

���

�

���

�

� 	

�

�=�

"

�

/

�����

�

�

�

�

�+�

�

	

�

���

�

� 	

�

�=� " �

�

�

�+�

�

���

�

� 	

�

�=�

"

�

�

�����

�

�

�

�

���

�

���

�

� 	

�

�=� " � ��	

� �

/

�����

�

���
	

�6�

/

�����

�

��*

�

�

���

�

���

�

� 	

�

�=�

"

�

Note that the above equationsperform both the expectationstepand the maximizationstep
simultaneously. Thealgorithmproceedsby usingthenewly derivedparametersastheguessfor the
next iteration.

4 Learning the parameters of an HMM, EM, and the Baum-Welch
algorithm

A HiddenMarkov Model is a probabilisticmodelof thejoint probabilityof a collectionof random
variables�

�

�
�������2�

�

*

�

�

�
���������

�

*

� . The
�

�

variablesareeithercontinuousor discreteobserva-
tions andthe

�

�

variablesare“hidden” anddiscrete.Underan HMM, therearetwo conditional
independenceassumptionsmadeabout theserandomvariablesthat make associatedalgorithms
tractable. Theseindependenceassumptionsare 1), the � ��� hiddenvariable,given the �

�

�

�

�	�

�

hiddenvariable,is independentof previousvariables,or:

�(�

�

�

�

�

�

�

�
�

�

�

�

�
���������

�

�
�

�

�
�

�

�(�

�

�

�

�

�

�

�
�=�

and2), the �
��� observation,giventhe �

��� hiddenvariable,is independentof othervariables,or:

�(�

�

�

�

�

*

�

�

*

�

�

*

�

�
�

�

*

�

�
�������2�

�

��


�
�

�

��


�
�

�

�

�

�

�

�

�
�

�

�

�

�
���������

�

�
�

�

�
�

�

�(�

�

�

�

�

�

�%�

In thissection,wederive theEM algorithmfor �nding themaximum-likelihoodestimateof the
parametersof ahiddenMarkov modelgivenasetof observedfeaturevectors.Thisalgorithmis also
known astheBaum-Welchalgorithm.�

�

is a discreterandomvariablewith 
 possiblevalues ���

�����




� . We further assumethat
theunderlying“hidden” Markov chainde�ned by �(�

�

�

�

�

�

�

�
� is time-homogeneous(i.e., is inde-

pendentof thetime � ). Therefore,we canrepresent� �

�

�

�

�

�

�

�
� asa time-independentstochastic

transitionmatrix #

� ��5

�

�




�

�

���

�

�

� $

�

�

�

�

�

� �

� . Thespecialcaseof time �;� � is described
by theinitial statedistribution, �

�

�

���

�

�

� �

� . Wesaythatwearein state$ at time � if
�

�

� $ . A
particularsequenceof statesis describedby + �

�

+

�2���������

+

*

� where +

�

�

���

�����




� is thestateat
time � .

A particularobservation sequence
�

is describedas
�

�

�

�

�

�
�

�
���������

�

*

�
�

*

� . The
probability of a particularobservation vector at a particular time � for state $ is describedby:

�




�

�

�

�

�

���

�

�

���

�

�

�

�

� $

� . The completecollectionof parametersfor all observation distri-
butionsis representedby &

���

�




��� � � .
Therearetwo formsof outputdistributionswe will consider. The�rst is a discreteobservation

assumptionwherewe assumethat an observation is oneof � possibleobservation symbols�

�

�

7



�

� ���

� �������2�

���

� . In this case,if �

�

���

&

, then
�




�

�

�

�

�

���

�

�

���

&

�

+

�

� $

� . Thesecondform
of probablydistributionweconsideris a mixtureof � multivariateGaussiansfor eachstatewhere

�




�

�

�

�

� �

�

�

�

��� 


�	�

�

�

�

� /




�

�

�




�

�

� �

�

�

�

�
� 


�

�




�

�

�

�

� .
We describethecompletesetof HMM parametersfor a givenmodelby:

�

�

�$# � & � ��� . There
arethreebasicproblemsassociatedwith HMMs:

1. Find ���

�

�

�

� for some
�

�

�

� �

�������2�

�

*

� . We usethe forward(or thebackward)procedure
for thissinceit is muchmoreef�cient thandirectevaluation.

2. Given some
�

andsome
�

, �nd the beststatesequence+ �

�

+ �

���������

+

*

� that explains
�

.
TheViterbi algorithmsolvesthisproblembut wewon't discussit in thispaper.

3. Find
�

&

� argmax
�

���

�

�

�

� . The Baum-Welch (alsocalled forward-backward or EM for

HMMs) algorithmsolvesthisproblem,andwewill developit presently.

In subsequentsections,we will consideronly the�rst andthird problems.Thesecondis addressed
in [RJ93].

4.1 Ef�cient Calculation of DesiredQuantities

Oneof theadvantagesof HMMs is that relatively ef�cient algorithmscanbederivedfor thethree
problemsmentionedabove. Beforewe derive theEM algorithmdirectly usingthe

�

function,we
review theseef�cient procedures.
Recalltheforwardprocedure.We de�ne

�

�

�

�

�

�

���

�

�

� �

�2���������

�

�

� �

�

�

�

�

� �

�

�

�

which is theprobabilityof seeingthepartialsequence�

�2���������

�

�

andendingup in state� at time � .
Wecanef�ciently de�ne

�

�

�

�

� recursively as:

1.
�

�

�

�

�

�

�

�

�

�

�

�

�%�

2.
�




�

�

�

�

�

�
�

�

�

���

�

�

�

�

�

�

5

� 


�

�




�

�

��


�%�

3. ���

�

�

�

�

�
�

�

���

�

�

�

��� �

Thebackwardprocedureis similar:




�

�

�

�

�

���

�

� 


�

� �

� 


�
���������

�

*

� �

*

�

�

�

� �

�

�

�

which is theprobabilityof theendingpartialsequence�

��


�
���������

�

*

giventhatwe startedat state�

at time � . Wecanef�ciently de�ne



�

�

�

� as:

1.



�

��� �

� �

2.



�

�

�

�

� �

�


=�

�

5

� 


�




�

�

� 


�
�







�

�

�

�

�

3. ���

�

�

�

�

� �

�

���

�




�

�

�

� �

�

�

�

�

�

�
�
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Wenow de�ne
�

�

�

�

�

�

���

�

�

� �

�

�

�

�

�

which is theprobabilityof beingin state� at time � for thestatesequence
�

. Notethat:

���

�

�

� �

�

�

�

�

�

�

���

�

�

�

�

� �

�

�

�

�(�

�

�

�

�

�

���

�

�

�

�

� �

�

�

�

�

�


=�

�

���

�

�

�

�

� $

�

�

�

Also notethatbecauseof Markovianconditionalindependence

�

�

�

�

�




�

�

�

�

�

���

�

� ���������

�

�

�

�

�

� �

�

�

�>���

�

��


� �������2�

�

*

�

�

�

� �

�

�

�

�

���

�

�

�

�

� �

�

�

�

sowecande�ne thingsin termsof
�

�

�

�

� and



�

�

�

� as

�

�

�

�

�

�

�

�

�

�

�




�

�

�

�

�

�


=�

�

�




�

�

�







�

�

�

We alsode�ne �

� 


�

�

�

�

���

�

�

� �

�

�

��


�

� $

�

�

�

�

�

which is theprobabilityof beingin state� at time � andbeingin state$ at time �

�

� . Thiscanalso
beexpandedas:

�

� 


�

�

�

�

���

�

�

� �

�

�

� 


�

� $

�

�

�

�

�

���

�

�

�

�

�

�

�

�

�

�
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�




�

�

��


�
�







�

�

�

�

�

�

�

�+�

�

�

�


=�

�

�

�

�

�

�
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� 


�




�

�

� 


�
�







�

�

�

�

�

or as:
�

� 


�

�

�

�

���

�

�

� �

�

�

�����

�

� 


�
�����

�

*

�

�

��


�

� $

�

�

�

� �

�

�

�

���

�

� 


�
�����

�

*

�

�

�

� �

�

�

�

�

�

�

�

�

�
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�

�

��


�
�







�

�

�

�

�




�

�

�

�

If wesumthesequantitiesacrosstime,wecangetsomeusefulvalues.I.e., theexpression

*

�

�

�

�

�

�

�

�

�

is theexpectednumberof timesin state� andthereforeis theexpectednumberof transitionsaway
from state� for

�

. Similarly,
*

�

�

�

�

�

�

�

� 


�

�

�

is theexpectednumberof transitionsfrom state� to state$ for
�

. Thesefollow from thefactthat
�

�

�

�

�

�

�

�

�

�

� - �

�

�

�

�0/

� � -

�

�

�

�

�

�

�!/

and
�

�

�

� 


�

�

�

���

�

�

� - �

�

�

�

�

$

�0/

��� -

�

�

�

�

�

�

�

$

�0/

where�

�

�

�

� is anindicatorrandomvariablethatis � whenwe arein state� at time � , and �

�

�

�

�

$

� is
a randomvariablethatis � whenwemove from state� to state$ aftertime � .
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Jumpingthegunabit, ourgoalin forminganEM algorithmto estimatenew parametersfor the
HMM by usingthe old parametersandthe data. Intuitively, we cando this simply usingrelative
frequencies.I.e.,wecande�ne updaterulesasfollows:

Thequantity
�

�

�

�

�

�

�

�

� (8)

is theexpectedrelative frequency spentin state� at time1.
Thequantity

�

5

� 


�

�

*

�

�

�

�

�

�

� 


�

�

�

�

*

�

�

�

�

�

�

�

�

�

�

(9)

is theexpectednumberof transitionsfrom state� to state$ relative to theexpectedtotal numberof
transitionsaway from state� .

And, for discretedistributions,thequantity

�

�

�

�

�

�

�

�

*

�

�

�

�

���

�

���

�

�

�

�

�

�

*

�

�

�

�

�

�

�

�

(10)

is the expectednumberof times the output observationshave beenequalto �

&

while in state �

relative to theexpectedtotalnumberof timesin state� .
For Gaussianmixtures,we de�ne the probability that the � ��� componentof the ����� mixture

generatedobservation �

�

as

�

�

�

�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

���

�

�

� �

���

�

�

� �

�

�

�

�

�

where�

�

�

is a randomvariableindicatingthemixturecomponentat time � for state� .
Fromtheprevioussectionon GaussianMixtures,we might guessthattheupdateequationsfor

thiscaseare:
�

�

�

�

�

*

�

�

�

�

�

�

�

�

�

�

*

�

�

�

�

�

�

�

�

/

�

�

�

�

*

�

�

�

�

�

�

�

�

�

�

�

�

*

�

�

�

�

�

�

�

�

�

�

�

�

�

�

*

�

�

�

�

�

�

�

�

���

�

�

�

/

�

�

� �

�

�

�

/

�

�

�

*

�

*

�

�

�

�

�

�

�

�

�

Whenthereare � observationsequencesthe
�

��� beingof length �

� , theupdateequationsbe-
come:

�

�

�

�

	

�

�

�

�

�

�

�

�

�

�

�
�

�

�

�

	

�

�

�

�

*�


�

�

�

�

�

�

�

�

�

�

�

	

�

�

�

�

*�


�

�

�

�

�

�

�

�

�

/

�

�

�

�

	

�

�

�

�

*�


�

�

�

�

�

�

�

�

�

�

�

�

�

�

	

�

�

�

�

*�


�

�

�

�

�

�

�

�

�

�
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�

�

�

�

�

	

�

�

�

�

*�


�

�

�

�

�

�

�

�

�

���

�

�

�

�

/

�

�

� �

�

�

�

�

/

�

�

�

*

�

	

�

�

�

�

* 


�

�

�

�

�

�

�

�

�

�

and

5

� 


�

�

	

�

�

�

�

* 


�

�

�

�

�

� 


�

�

�

�

	

�

�

�

�

*�


�

�

�

�

�

�

�

�

�

Theserelatively intuitive equationsare in fact the EM algorithm(or Balm-Welch) for HMM
parameterestimation.Wederive theseusingthemoretypicalEM notationin thenext section.

4.2 Estimation formula using the
�

function.

We consider
�

�

�

�

� �������2�

�

*

� to be the observed dataand the underlyingstatesequence+ �

�

+

� �������2�

+

*

� to be hiddenor unobserved. The incomplete-datalikelihood function is given by
�(�

�

�

�

� whereasthe complete-datalikelihood function is �(�

�

�

+

�

�

� . The
�

function therefore
is: �

�

�

�

�

4

�

�

�

�

���

)+*-,

� �

�

�

+

�

�

� �(�

�

�

+

�

�

4

�

where
�

4 areour initial (or guessed,previous,etc.)1 estimatesof theparametersandwhere � is the
spaceof all statesequencesof length � .

Givenaparticularstatesequence+ , representing�(�

�

�

+

�

�

4�� is quiteeasy.� I.e.,

�(�

�

�

+

�

�

�

�

�

���

*

�

�

�

�

5

�
�

�

7

� �

�

� �

�

�

�

�

The
�

functionthenbecomes:

�

�

�

�

�

4

�

�

�

�

���

)+*3,

�

�
�

� �

�

�

+

�

�

4

� �

�

�

���

�

*

�

�

�

�

) *-, 5

� �

�

7

� �

�

���

�

�

+

�

�

4

� �

�

�

���

��

*

�

��


�

)+*3,

�

� �

�

�

�

�
��

�(�

�

�

+

�

�

4

�

(11)
Sincethe parameterswe wish to optimizearenow independentlysplit into the threetermsin the
sum,wecanoptimizeeachtermindividually.

The�rst termin Equation11becomes

�

�

���

) *-,

�

���

�(�

�

�

+

�

�

4

�

�

�

�

���

�

)+*-,

�

�

���

�

�

+
	 � �

�

�

4

�

sinceby selectingall +

�

� , we aresimply repeatedlyselectingthevaluesof +
	 , sotheright hand

sideis just the marginal expressionfor time � � � . Adding the Lagrangemultiplier � , usingthe
constraintthat �

�

�

�

� � , andsettingthederivativeequalto zero,weget:

�

�

�

�

�

�

�

�+�

�

) *-,

�

�

���

�

�

+
	

� �

�

�

4

� � �9�

�

�

���

�

�

�
�

�

�

� �
�

� For theremainderof thediscussionany primedparametersareassumedto betheinitial, guessed,or previousparam-
eterswhereastheunprimedparametersarebeingoptimized.

�

Note herethatwe assumethe initial distribution startsat � D�
 insteadof � D�� for notationalconvenience.The
basicresultsarethesamehowever.
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Takingthederivative,summingover � to get � , andsolvingfor �

� , weget:

�

�

�

�(�

�

�

+ 	 � �

�

�

4 �

�(�

�

�

�

4

�

Thesecondtermin Equation11becomes:

�

�

���

�

*

�

�

�

�

)+*-, 5

� �

�

7

� �

�

���

�

�

+

�

�

4

�

�

�

�

���

�

�

�


=�

�

*

�

�

�

�

) *-, 5

� 


� �

�

�

+

�

�

�

� �

�

+

�

� $

�

�

4

�

becausefor this term,we are,for eachtime � lookingover all transitionsfrom � to $ andweighting
thatby thecorrespondingprobability– theright handsideis justsumof thejoint-marginal for time

�

�

� and � . In asimilarway, wecanuseaLagrangemultiplier with theconstraint�

�


=�

�

5

� 


� � to
get:

5

� 


�

�

*

�

�

�

� �
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Thethird termin Equation11becomes:
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becausefor this term,we are,for eachtime � , looking at theemissionsfor all statesandweighting
eachpossibleemissionby thecorrespondingprobability– theright handsideis just thesumof the
marginal for time � .

For discretedistributions,we can,again, useusea Lagrangemultiplier but this time with the
constraint�
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For GaussianMixtures, the form of the
�

function is slightly different, i.e., the hiddenvari-
ablesmust includenot only the hiddenstatesequence,but alsoa variableindicatingthe mixture
componentfor eachstateateachtime. Therefore,wecanwrite
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� thatindicatesthemixturecomponentfor each
stateat eachtime. If we expandthis asin Equation11, the �rst andsecondtermsareunchanged
becausethe parametersareindependentof � which is thusmarginalizedaway by the sum. The
third termin Equation11becomes:
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This equationis almostidentical to Equation5, except for an additionsumcomponentover the
hiddenstatevariables.We canoptimizethis in anexactly analogousway aswe did in Section3,
andweget:
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As canbeseen,thesearethesamesetof updateequationsasgivenin theprevioussection.
Theupdateequationsfor HMMs with multiple observationsequencescansimilarly bederived

andareaddressedin [RJ93].
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