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Abstract
We describehemaximum-likelihoodparameteestimatiorproblemandhow theExpectation-
Maximization(EM) algorithmcanbe usedfor its solution. We rst describethe abstract
form of the EM algorithmasit is oftengivenin theliterature.We thendevelopthe EM pa-
rameteestimatiorprocedurdor two applicationsl1) nding theparametersf amixtureof
Gaussiardensitiesand2) nding the parametersf a hiddenMarkov model(HMM) (i.e.,
the Baum-Welch algorithm)for both discreteand Gaussiammixture obsenation models.
We derie the updateequationdan fairly explicit detail but we do not prove ary cornver
gencepropertiesWe try to emphasizéntuition ratherthanmathematicatigor.






1 Maximum-lik elihood

Recallthe de nition of the maximum-likelihoodestimationproblem. We have a densityfunction

thatis governedby the setof parameters (e.g., mightbeasetof Gaussianand could
be the meansand covariances).We also have a datasetof size , supposedlydravn from this
distribution,i.e., . Thatis, we assumehatthesedatavectorsareindependerand
identicallydistributed(i.i.d.) with distribution . Thereforetheresultingdensityfor thesampless

Thisfunction is calledthelik elihoodof theparametergiventhedata,or justthelik elihood
function. Thelikelihoodis thoughtof asa functionof the parameters wherethedata is x ed.
In themaximumlik elihoodproblem,our goalisto nd the thatmaximizes . Thatis, we wish
to nd where

armgmax
Oftenwe maximize insteadbecausdt is analyticallyeasier
Dependingon the form of this problemcanbe easyor hard. For example, if
is simply a single Gaussiardistribution where , thenwe can setthe derivative of

to zero,andsoledirectlyfor and (this,in fact,resultsin the standardormulas
for themeanandvarianceof a dataset). For mary problemshowever, it is notpossibleo nd such
analyticalexpressionsandwe mustresortto moreelaboratdechniques.

2 BasicEM

TheEM algorithmis onesuchelaboratéechnique The EM algorithm[ALR77, Rw84,GJ95 JJ94,
Bis95 Wu83 is ageneraimethodof nding themaximume-likelihoodestimateof the parametersf
anunderlyingdistribution from a givendatasetwhenthe datais incompleteor hasmissingvalues.
Therearetwo main applicationsof the EM algorithm. The rst occurswhenthe dataindeed
hasmissingvalues,dueto problemswith or limitations of the obsenration process. The second
occurswhenoptimizingthelikelihoodfunctionis analyticallyintractablebut whenthe lik elihood
function canbe simpli ed by assuminghe existenceof andvaluesfor additionalbut missing(or
hidden) parametersThelaterapplicationis morecommonin thecomputationapatternrecognition

community
As before,we assumehatdata is obseredandis generatedy somedistribution. We call
theincompletedata We assumehata completedatasetexists andalsoassumeor

specify)ajoint densityfunction:

Wheredoesthis joint densitycomefrom? Oftenit “arises”from the maginal densityfunction

andthe assumptiorof hiddenvariablesand parameteralue guessege.g.,our two exam-

ples,Mixture-densitieandBaum-Welch). In othercaseqe.g.,missingdatavaluesin sampleof a
distribution), we mustassumae joint relationshipgbetweerthe missingandobseredvalues.



With thisnew densityfunction,wecande ne anew likelihoodfunction,

, calledthecomplete-datéik elihood.Notethatthis functionis in factarandomvariable
sincethe missinginformation is unknavn, random,andpresumablygovernedby anunderlying
distribution. Thatis, we canthink of for somefunction where
and areconstanand isarandomvariable.Theoriginallikelihood is referrecto asthe
incomplete-daték elihoodfunction.

TheEM algorithm rst nds theexpectedralueof thecomplete-datég-likelihood
with respecto theunknavn data giventheobsereddata andthecurrentparameteestimates.
Thatis, we de ne:

(1)

Where arethe currentparametergstimateghatwe usedto evaluatethe expectationand
arethe new parameterghatwe optimizeto increase .
This expressionprobablyrequiressomeexplanation.  The key thing to understands that
and areconstants, is a normalvariablethat we wish to adjust,and is a random
variablegovernedby thedistribution . Theright sideof Equationl canthereforebe
re-writtenas:

(2)

Note that is the maginal distribution of the unobsered dataandis dependenbn
boththeobseneddata andonthecurrentparametersand isthespaceof values cantakeon.
In the bestof casesthis maginal distribution is a simpleanalyticalexpressiorof the assumega-
rameters andperhapghedata.In theworstof casesthis densitymightbeveryhardto obtain.
Sometimesin fact,thedensityactuallyusedis but
this doesnt effect subsequerdtepssincethe extrafactor is notdependendn

As an analogy supposeve have a function of two variables. Consider where

is a constantand  is a randomvariablegovernedby somedistribution . Then
is now a deterministicfunction that could be maximizedif
desired.

The evaluationof this expectationis calledthe E-stepof the algorithm. Notice the meaningof
the two argumentsn the function . The rst agument correspondso the parameters
thatultimately will be optimizedin anattemptto maximizethe likelihood. The secondargument

corresponds$o the parameterthatwe useto evaluatethe expectation.

Thesecondstep(the M-step)of the EM algorithmis to maximizethe expectatiorwe computed
in the rst step.Thatis, we nd:

argmax

Thesetwo stepsare repeatedas necessary Eachiterationis guaranteedo increasethe log-
likelihoodandthe algorithmis guaranteedo convergeto alocal maximumof thelik elihoodfunc-
tion. Thereare mary rate-of-conergencepaperge.g.,[ALR77, RW84, Wu83, JX96, XJ96]) but
wewill notdiscusgshemhere.

Recallthat . In the following discussionwe drop the subscriptsrom
differentdensityfunctionssinceargumentusageshouldshoulddisambiguatelifferentones.



A modi ed form of the M-stepis to, insteadof maximizing , we nd some
suchthat . This form of the algorithmis called GeneralizedEM
(GEM) andis alsoguaranteedtb corveme.

As presentedibove, it's not clearhow exactly to “code up” the algorithm. This is the way,
however, thatthe algorithmis presentedn its mostgeneraform. The detailsof the stepsrequired
to computethe given quantitiesare very dependenbn the particularapplicationso they are not
discusseavhenthealgorithmis presentedh this abstracform.

3 Finding Maximum Lik elihoodMixtur e DensitiesParametersvia EM

The mixture-densityparameteestimationproblemis probablyoneof the mostwidely usedappli-
cationsof the EM algorithmin the computationapatternrecognitioncommunity In this casewe
assumehefollowing probabilisticmodel:

wherethe parametersire suchthat andeach isa
densityfunctionparameterizetdy . In otherwords,we assumeave have  componentensities
mixedtogethemwith  mixing coefcients

Theincomplete-datéog-likelihoodexpressiorfor this densityfrom thedata is givenby:

whichis dif cult to optimizebecausé containghelog of thesum.If weconsider asincomplete,

however, and posit the existenceof unobsered dataitems whosevaluesinform us
which componentdensity “generated’eachdataitem, the likelihood expressionis signi cantly
simpli ed. Thatis, we assumehat for each , and if the  samplewas

generatedy the  mixturecomponentlf we know thevaluesof |, thelikelihoodbecomes:

which, given a particularform of the componentdensities,can be optimizedusing a variety of
techniques.

The problem,of course,is thatwe do not know thevaluesof . If weassume is arandom
vector however, we canproceed.

We rst mustderive anexpressiorfor thedistribution of theunobsereddata.Let's rst guess
at parametersor the mixture density i.e., we guesshat arethe
appropriatgparametersor thelikelihood . Given , we caneasilycompute
for each and . In addition,the mixing parameters, canbe thoughof asprior probabilities
of eachmixture componentthatis componeni . ThereforeusingBayess rule, we can
compute:




and

where is aninstanceof the unobsered dataindependentlydravn. Whenwe
now look at Equation2, we seethatin this casewe have obtainedthe desiredmaiginal densityby
assuminghe existenceof the hiddenvariablesandmakinga guessattheinitial parametersf their
distribution.

In this case Equationl takestheform:

(3)
In thisform, looksfairly dauntingyetit canbegreatlysimpli ed. We rst notethat
for ,
(4)
since . Using Equatior4, we canwrite Equation3 as:
(5)

To maximizethis expressionwe canmaximizethetermcontaining andthetermcontaining
independentlgincethey arenotrelated.



To nd theexpressiorfor , we introducethe Lagrangemultiplier  with the constrainthat
, andsolve thefollowing equation:

or

Summingbothsizesover , we getthat resultingin:

For somedistributions, it is possibleto getananalyticalexpressiongor  asfunctionsof everything
else.For example,if we assume -dimensionalGaussiartomponentlistributionswith mean and
covariancematrix ,i.e., then

) (6)

To derive the updateequationdor this distribution, we needto recall someresultsfrom matrix
algebra.
Thetraceof a squarematrixtr is equalto thesumof 'sdiagonalelementsThetraceof a

scalarequalsthatscalar Also, tr tr tr , andtr tr which implies
that tr where . Also notethat  indicatesthe determinanbf a
matrix,andthat :

We'll needto take derivativesof a function of a matrix with respecto elementf that
matrix. Therefore,we de ne —— to be the matrix with entry —— where is the

entryof . The de nition also appliestaking derivatives with respectto a vector First,
— . Secondijt canbeshavn thatwhen is asymmetricmatrix:

if
if
where isthe cofactorof . Giventheabore,we seethat:
if .
it diag

by thede nition of theinverseof a matrix. Finally, it canbe shavn that:

t .
f Diag



Taking the log of Equation6, ignoring ary constantterms(sincethey disappeasafter taking
derivatives),andsubstitutingnto theright sideof Equation5, we get:

- - (7)

Takingthederivative of Equation7 with respecto  andsettingit equalto zero,we get:
with whichwe caneasilysolvefor  to obtain:
To nd , notethatwe canwrite Equation7 as:

- - tr
- - tr

where .

Takingthe derivative with respecto , we get:

- diag - diag
- diag
diag
where andwhere - . Settingthederwativeto zero,i.e.,
diag , impliesthat . Thisgives

or




Summarizingtheestimate®f thenew parameters termsof theold parameterareasfollows:

Note that the abore equationsperform both the expectationstep and the maximizationstep
simultaneouslyThealgorithmproceeddy usingthenewly derived parameterasthe guesdor the
next iteration.

4 Learning the parameters of an HMM, EM, and the Baum-Welch
algorithm

A HiddenMarkov Modelis a probabilisticmodelof thejoint probability of a collectionof random
variables . The variablesareeithercontinuousor discreteobsera-
tionsandthe  variablesare“hidden” anddiscrete. Underan HMM, therearetwo conditional
independencassumptiongnadeabouttheserandomvariablesthat make associatedlgorithms
tractable. Theseindependencassumptionsare 1), the  hiddenvariable, given the
hiddenvariable,is independenof previousvariablespor:

and2),the  obsenration,giventhe hiddenvariable,is independentf othervariablesor:

In this sectionwe derive the EM algorithmfor nding themaximum-likelihoodestimateof the
parametersf a hiddenMarkov modelgivena setof obsenedfeaturevectors.Thisalgorithmis also
known asthe Baum-Welchalgorithm.

is a discreterandomvariablewith  possiblevalues . We further assumehat
theunderlying“hidden” Markov chainde ned by is time-homogeneou@g.e., is inde-
pendenbf thetime ). Thereforewe canrepresent asatime-independergtochastic
transitionmatrix . Thespecialcaseof time is described
by theinitial statedistribution, . We saythatwe arein state attime if A
particularsequencef stateds describedy where is the stateat
time .
A particularobsenation sequence is describedas . The

probability of a particularobsenation vector at a particulartime for state is describedby:
. The completecollectionof parametergor all obseration distri-
butionsis representetly .
Therearetwo forms of outputdistributionswe will consider The rst is adiscreteobsenation
assumptionwherewe assumehat an obsenrationis oneof  possibleobsenration symbols

7



. In this case|if , then

. Thesecondorm

of probablydistribution we considelis amixtureof ~ multivariateGaussian$or eachstatewhere

We describehe completesetof HMM parameteror a givenmodelby: . There

arethreebasicproblemsassociateavith HMMs:

1. Find for some . We usethe forward (or the backward) procedure
for this sinceit is muchmoreef cient thandirectevaluation.

2. Givensome andsome , nd the beststatesequence

thatexplains

The Viterbi algorithmsolvesthis problembut we won't discusst in this paper

3. Find argmax . The Baum-\Wélch (also called forward-backvard or EM for

HMMs) algorithmsolvesthis problem,andwe will developit presently

In subsequerdgectionsye will considernly the rst andthird problems.Theseconds addressed

in [RJ93.

4.1 Efcient Calculation of Desired Quantities

Oneof theadvantage®©f HMMs is thatrelatively ef cient algorithmscanbe derived for thethree
problemsmentionedabore. Beforewe derive the EM algorithmdirectly usingthe  function,we

review theseef cient procedures.
RecalltheforwardprocedureWe de ne

whichis the probability of seeingthe partial sequence
We canef ciently de ne recursvely as:

1.
2.

3.

Thebackwardproceduras similar:

which s the probability of the endingpartialsequence
attime . Wecanefciently de ne as:

1.
2.

andendingupin state attime .

giventhatwe startedat state



We now de ne

whichis theprobabilityof beingin state attime for the statesequence . Notethat:

Also notethatbecaus®f Markovian conditionalindependence

sowe cande ne thingsin termsof and as

We alsode ne

whichis the probabilityof beingin state attime andbeingin state attime . Thiscanalso
beexpandeds:

or as:

If we sumthesequantitiesacrosgime, we cangetsomeusefulvalues.l.e.,the expression

is the expectednumberof timesin state andtherefores the expectednumberof transitionsaway
from state for . Similarly,

is the expectechumberof transitionsdrom state to state for . Thesefollow from thefactthat

and

where is anindicatorrandomvariablethatis whenwe arein state attime , and is
arandomvariablethatis whenwe move from state to state aftertime .



Jumpingthegunabit, our goalin forming an EM algorithmto estimatenen parameter$or the
HMM by usingthe old parameterandthe data. Intuitively, we cando this simply usingrelative
frequenciesl.e.,we cande ne updaterulesasfollows:

Thequantity
(8)
is theexpectedrelative frequeng spentin state attime1.
Thequantity
9)

is the expectedhumberof transitionsfrom state to state relativeto the expectedotal numberof
transitionsaway from state .
And, for discretedistributions,the quantity

(10)

is the expectednumberof timesthe output obsenationshave beenequalto  while in state
relative to the expectedotal numberof timesin state .

For Gaussiarmmixtures,we de ne the probability that the componenbf the  mixture
generatedbseration as

where  is arandomvariableindicatingthe mixturecomponenattime for state .
Fromthe previous sectionon GaussiarMixtures, we might guesghatthe updateequationdor
this caseare:

Whenthereare obserationsequencethe  beingof length , the updateequationde-
come:
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and

Theserelatively intuitive equationsarein factthe EM algorithm (or Balm-Welch) for HMM
parameteestimation We derive theseusingthe moretypical EM notationin thenext section.

4.2 Estimation formula usingthe function.

We consider to be the obsered dataand the underlyingstatesequence
to be hiddenor unobsered. The incomplete-datdikelihood function is given by
whereasthe complete-datdik elihood function is . The function therefore
is:

where areourinitial (or guessedprevious,etc.) estimate®f theparameterandwhere isthe
spaceof all statesequencesf length
Givena particularstatesequence, representing is quiteeasy l.e.,

The functionthenbecomes:

(11)
Sincethe parametersve wish to optimizeare now independenthysplit into the threetermsin the
sum,we canoptimizeeachtermindividually.
The rst termin Equationl1 becomes

sinceby selectingall , we aresimply repeatedlyselectingthe valuesof , sotheright hand
sideis just the mamginal expressiorfor time . Adding the Lagrangemultiplier , usingthe
constrainthat , andsettingthe derivative equalto zero,we get:

For theremaindeof thediscussiorary primedparameterareassumedo betheinitial, guessedor previousparam-
eterswhereaghe unprimedparameterarebeingoptimized.

Note herethatwe assumehe initial distribution startsat insteadof for notationalcorvenience.The
basicresultsarethe samehowever.
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Takingthederiative, summingover toget , andsolvingfor ,weget:

Thesecondermin Equationll becomes:

becausdor thisterm,we are,for eachtime looking over all transitionsfrom to andweighting
thatby thecorrespondingrobability—theright handsideis just sumof thejoint-maginalfor time

and . In asimilarway, we canusea Lagrangemultiplier with the constraint to
get:

Thethird termin Equationl1 becomes:

becausdor thisterm,we are,for eachtime , looking at the emissiondor all statesandweighting
eachpossibleemissiorby the correspondingprobability— the right handsideis justthe sumof the
mauginalfor time .

For discretedistributions,we can,again, useusea Lagrangemultiplier but this time with the
constraint . Only theobsenationsthatareequalto  contritutetothe  proba-
bility value,sowe get:

For GaussiarMixtures, the form of the  functionis slightly different,i.e., the hiddenvari-
ablesmustinclude not only the hiddenstatesequencebut also a variableindicatingthe mixture
componenfor eachstateat eachtime. Thereforewe canwrite  as:

where isthevector thatindicateghemixturecomponentor each
stateat eachtime. If we expandthis asin Equationll, the rst andsecondermsareunchanged
becausehe parameterareindependendf  which is thusmaginalizedaway by the sum. The

third termin Equationllbecomes:

This equationis almostidenticalto Equation5, exceptfor an addition sum componenbver the
hiddenstatevariables.We canoptimizethis in an exactly analogousvay aswe did in Section3,
andwe get:
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and

As canbeseenthesearethe samesetof updateequationsasgivenin the previoussection.
Theupdateequationgor HMMs with multiple obserationsequencesansimilarly be derived
andareaddresseth [RJ93.
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