NP-Completeness (cont)

VC (VERTEX-COVER)
Instance: A graph G = (V,E) and an integer m.
Question: Does G have a vertex cover of size m or less ?

(V’ is a vertex cover for G = (V,E) if for every edge
e=(u,v) either ue V" orv € V’ or both.)

Gl G2
% € Lue? %@ € Lue?
m=3 YES NO

m=2

NP-Completeness (cont)

CLIQUE <, VC
Step 1: Construct f: {(G,k)cpigue } = ((G',m)yc}
Given G=(V,E) and k,let G' =G and m=|V|—k.

G =(V,E) wherel_fz{(u,v)lu,ve Vand (u,v)¢ E }
Example :

(G,4)CLIQUE (5’2)“:
k:4 m=6-4=2

NP-Completeness (cont)
CLIQUE <, VC

Step 2: Show that (G,k)€ Leygue < f(GK)€ Lyc
G has a clique of size > k < G has a vertex cover

of size < ‘V‘ -k
Proof: Suppose V'’ is a clique of size at least k in G.
Pick any two vertices v and v in V.
If the edge (u,v) is in E, then it is not in E.
So u and v cannot both be in V’ (a clique of G).
Eitheru orvisin V’=V-V’.

V’’ is a vertex cover for G of size at most |VI-k .
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NP-Completeness (cont)

CLIQUE <, VC

Proof:(cont) Now suppose V'’ is a vertex cover of
size at most |VI-k in G.

Pick any two vertices v and vin V'=V-V’".
Then both u and v are not in V"’ (a vertex cover for G).
So the edge (u,v) is not in E, and hence is in E.

V’is aclique in G of size at least |VI - (IVI-k) = k.

QED




NP-Completeness (cont)

CLIQUE <, VC
Step 3: Show that f is computable in polynomial time.

If G has a vertices and b edges then f{G, k) has a vertices
and 0(a2> edges.

Whether an edge exists or not in G can be determined by
inspection of G.

f is computable in polynomial time.

Finished CLIQUE <, VC

NP-Completeness (cont)

SUBSET-SUM
Instance: A set of positive integers § = {51 3 Syseaes Sy }
and an integer .
Question: Does S have a subset S’ which totals
exactly to ¢ ?

Examples: S=1{2,9,3,5,11,24} and =23
YES: 1149+3=23

S=1{293,51124} and t = 15
NO

NP-Completeness (cont)

VC <, SUBSET -SUM
Step 1: Construct f : {(G,m)yc } = {(S.t)supser-sum)
Given G =(V,E) and m where E = {el,ez,...,elEI }

createforeachv, € V theinteger

s, =4%+> 47" b whereb, =
j=1
create for each ¢; € E the integer s, = 47,
IEI-1
andletr = m4"™ + 2.4/

j=0 1

L {1 if v, is an endpointof e;

0 otherwise

]

NP-Completeness (cont) | Radix4

representation of §
VC <, SUBSET - SUM

‘iE—>87654321

Example : 1 000007101
@\100001011\

(G3)ye 1 00010010
1 _10100100]

0. =1 01101000
& . O iio010000]
60 T [0 00000001
O— 0 2000000010
_; 3 /000000100
m= 40000010001
5/0_000T1T0000]

S 61[0_00100000]
(S:0)supser-stm 7 [0 0 1 000000

810 10000000

t 13 22222222




NP-Completeness (cont)

VC <, SUBSET - SUM

Step 2: Show that (G,m)e Lye & f(G,m)€ Lgypspr-sum
G has a vertex cover of size<m <

S has a subset S” that totals to ¢
Proof: Suppose V'’ is a vertex cover of size m in G.

(If G has a vertex cover of size <m, then it has one of size m.)

Construct a subset S’c S as follows :

foreachv,e V’,add s, to S’
for each e; with only one endpoint in V’,add 5, to S’
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NP-Completeness (cont)
VC<, SUBSET -SUM
Proof:(cont) Represent each of the integers in S’ in radix 4.

By construction each digit position from O to |EI-1 has
exactly two 1’s among all the integers in S’ since each
edge has either one or two endpoints in V.

Since V’ has size exactly m, there are exactly m integers in
S’ which are > 4 .
IEI-1 _
The integers in S”total to m4'"™ + Z 2-47 =y,
j=0
Now suppose S has a subset S’ totals to ¢.

NP-Completeness (cont)

VC<, SUBSET -SUM
Proof:(cont) Construct a subset of vertices V' :
foreach s,e §"with 1<i<IVl,addv, toV’

Since the integers in S’ total ¢ and there are no carries
possible among the least significant |E| digit positions,
for each of these digit positions there must be exactly
two integers in S’ with 1°s in that position.

One of these 1's must be from an s, € " with 1< <IVI.
For each edge e, =(v,,v, ) either s, ors, € S".

For each edge ¢, =(v,,v, ) either v, orv, e V".

NP-Completeness (cont)

VC<, SUBSET -SUM
Proof:(cont) V’is a vertex cover for G.

Since the integers in S’ total to # and there are no carries
possible among the least significant |E| digit positions,
there must be exactly m integers in §” > 4"

All 5,€ S with 5, >4" have 1 <i<IVI.

V’ is a vertex cover for G of size m.

QED




NP-Completeness (cont)

VC <, SUBSET -SUM
Step 3: Show that f is computable in polynomial time.

If G has a vertices and b edges then f{G,k)=(S,t) and S has
a+b integers and each of these integers has 2b+2 bits.

The integer ¢ can be encoded in less than 2b+1g a bits.

The integers can be constructed in O(ab) time by first
building the incidence matrix for G.

f is computable in polynomial time.

Finished VC <, SUBSET - SUM
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NP-Completeness (cont)

CIRCUIT-SAT

Instance: A boolean combinational circuit with one
output, composed of AND, OR, and NOT gates.
Question: Is there an input that causes the circuit to
output 1 ?

Examples: ]

NO

YES
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NP-Completeness (cont)

SUBSET -SUM <, CIRCUIT -SAT
Step 1: Construct f:{(S,)} > {C}
Given (S,7) where S ={s,s,,...,5, } and mis the

maximum number of bitsin any s, in S and ¢,

Create a circuit for adding together k m-bit integers.

g S T T

+ e o+ o+ + W

-«
m+k-1 m+3 m+2 m+1

Size 0(k(m+k))

NP-Completeness (cont)
SUBSET -SUM <, CIRCUIT - SAT

For each s, € S, create a new boolean variable (input) x;

s, when x; =1

and a circuit which outputs
when x; =0

Each has size 0(m)
Total size O(mk)

20




NP-Completeness (cont)
SUBSET -SUM <, CIRCUIT - SAT

Create a circuit which compares an m+k-1 bit integer
with ¢ and outputs 1 only when they are equal

m+k-1

&j Size O(m-+k)
!
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NP-Completeness (cont)

SUBSET -SUM <, CIRCUIT -SAT
Combine circuits as follows:

a X X X X
S 0 S, 0 S5 0 s, 0 S0
b m Vi m Vi m b m m
I’n‘l m ﬁ I’m
v v v v
— = eee —r
m+k-1 + m:j + M2 + m+1 + m

t
E Size B(k(m+k))
|
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NP-Completeness (cont)

SUBSET -SUM <, CIRCUIT -SAT
Step 2: Show that (S,#)€ Lgypspr-sum
< f(8,1) =CE Legeurr-sar
S has a subset S’ that totals to 7 <
there are inputs for C that make its output 1
Proof (sketch): Suppose S’ c S that totals to 7.

Set the value of C’s 1if s,e8’

: for each x;, = . ,
inputs as follows: 0 if 5,8

Since S’ totals to ¢ the output of C will be 1.
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NP-Completeness (cont)

SUBSET -SUM <, CIRCUIT -SAT

Proof (sketch cont): Now suppose X is an input for C
which makes its output 1.

Construct S’ as follows: letS'={s, | x, =1in X}

Then S’ totals to ¢ since the output of C is

only 1 when k

Zsi=2xi-si=t

s;eS’ i=1
Step 3: f is computable in polynomial time since
the size of C is O(m(k+m)) and it can be
constructed in time O(m(k+m)) .

Finished SUBSET -SUM <, CIRCUIT - SAT
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NP-Completeness (cont)

CIRCUIT - SAT <, 3SAT
Step 1: Construct f:{C}—>{¢}

Given a circuit C, first break any n-input gates for

n >2 into 2-input gates.
.

n
——

el
b 2—-input <
gates

e
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NP-Completeness (cont)

CIRCUIT - SAT <, 3SAT
Create a new variable for each gate output.

Circuit inputs are already labeled
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NP-Completeness (cont)

CIRCUIT - SAT <, 3SAT
Create a clause for each gate as follows:
Xy

C;j (xv yv ) av FvE)EY yvINEY TV 2)

z

X

Vv (veeva)
Y Z
(xvyvz)avyve)xvyvz)xvyvz)

z Each clause will be O for an inconsistent set of

values on the gate inputs and output .

NP-Completeness (cont)

CIRCUIT -SAT <, 3SAT

Let ¢ be the conjunction of all the clauses created
for the gates and C’s output.

0 is satisfiable < C is satisfiable.

Final step is to convert all clauses in ¢ to 3-CNF.

If a clause has only two literals (xV z) make a new

variable u and replace (x vz) by (x FaY% u)(x vzviu )

For a1literal clause (x) make 2 new variablesu,v

and replace(x)by (xvuvv)(xvuvﬁ)(xvﬁvv)(xvﬁvi)
28




NP-Completeness (cont)

CIRCUIT - SAT <, 3SAT
Example:

= xlvxzvﬁ)(xlvfzvv)()?lvxzvv)()?lv?czvv)

X vuv )(xlvqu)(?clvﬁvc)(?clvﬁvE)

c
. xzvyvd)(xzvyvg)(fzvyvd)(xzvyva)

(uvva)(uvivW)(ﬁvvvW)(ftvivw)

(wvva (wvyv )(vavZ)(vavz)

l;)(zvﬁvb)(zvﬁvl;)
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NP-Completeness (cont)

CIRCUIT - SAT <, 3SAT

The final ¢ in 3-CNF form is satisfiable & C'is
satisfiable.

The size of the final ¢ is O(ICl).

All the steps used to construct ¢ are O(ICI), so fis
polynomial time computable.

Finished CIRCUIT -SAT <, 3SAT

NP-Completeness (cont)

Summary
3SAT <, CLIQUE
CLIQUE <, VC
VC <, SUBSET - SUM
SUBSET - SUM <, CIRCUIT - SAT
CIRCUIT - SAT <, 3SAT

If anyone of these problems is in P,
then they all are.
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