SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS Ch. 12

Solve by power series (1 — 2?)y” — x3' + #®y = 0. The polynomial solutions of this equa-
tion with coefficients determined to make (1) = 1 are called Chebyshev poiynomials T,(x).
Find 7y, Ty,and T,

{2) The following differential equation is often called a Starm-Liouviile equation:

= LAYT + [ABGE) + Cw)ly = 0
(1 is 2 constant parameter). This equation includes many of the differential equations of
mathematical physics as special cases. Show that the following equations can be written
in the Sturm-Liouville form: the Legendre equation (7.2); Bessel’s eguation (19.2) for a
fixed p, that is, with the parameter A corresponding o 2?; the simple harmonic motion
equation y” = —n?y; the Hermite equation (22.14); the Laguerre equations (22.21) and
(22.26).

{b) By following the methods of the orthogonality proofs in Sections 7 and 19, show that if
J1 and y, are two solutions of the Sturm-Liouville equation (corresponding to the two
values 4; and 1, of the parameter 1), then Y1 and ¥, are orthogonal on (a, #) with
respect to the weight function B(x) if A}y, — 5y |5 = 0.

In Problem 22.26, replace x by x/n in the y differential equation and set n. = n to show that
the differential equation satisfied by the functions f,(x} in Problem 22.27 is

. fL 1T I+
2+A|illl = veuc.

x 4t x
Hence show by Problem 24 that the functions J(x) are orthogonal on (0, o).

Verify Bauer's formula &% =¥ (21 + Difin)P(w) as follows. Write the integral for the
coefficients ¢, in the Legendre series for &** = Y aPiw). You want to show that
efx} = {2 + 1)i%j{x). First show that y = ¢{x) satisfies the differential equation (Problem

17.6) for spherical Bessel functions. Himss @ Differentiate with respect to x under the integral -

sign to find y and y”; substitute into the left side of the differential equation. Now
integrate by parts with respect to @ to show thar the integrand is zero because P,(w) satisfies
Legendre’s equation. Thus ¢fx) must be a linear combination of JAx) and n{x). Now
consider the ¢(x) integral for smal! x; expand ¢ in series and evaluate the lowest term
{which is «' since 1, »"P(w) dw = 0 for n < ). Compare with the approximate formulas
for jj(x} and nfx) in Section 20.

Verify that the Legendre equation {2.1) can be written in cither of the forms

Rly,= ~Iy  or  LRy_,=—Py,_,

where y, means Pyx) and R and L are the operators
R=(l—D —1lx, L=(l—x)D+/x.

Following the method used for Hermite functions [equations (22.1) to (22.10)], show that R
and L are raising and lowering operators. In fact, show [by considering the operators when
¥=1 and requiring y(1) = 1] that Ly, = -y and Ry, = —ly,. Solve Ly, =0 as-
suming yo(1} = 1 to find y, = Po(x) = 1. Use the raising operator equation Ry,_, = —/y,
to find Py(x) and P,(x).

PARTIAL
DIFFERENTIAL
EQUATIONS

1. INTRODUCTION

Many of the problems of mathematical physics invelve the solution of vﬁd& &a.ow.o?
tial equations. The same partial differential equation may apply to n.ﬁﬂa@ of physical
problems; thus the mathematical methods which you will learn in this chapter apply to
many more problems than those we shall discuss in the illustrative examples. H&H. us
outline the partial differential equations we shall consider, and the kinds of physical
problems which lead to each of them.

(1.1) Laplace’s equation V=0

The function » may be the gravitational potential in a region containing no matter,
the electrostatic potential in a charge-free region, the steady-state temperature (that is,
temperature not changing with time) in a region containing no source of heat, or the
velocity potential for an incompressible fluid with no vortices and no sources or sinks,

(1.2) Poisson’s equation  VZa = f{x, y, 2)

The function u may represent the same physical quantities listed for Laplace’s equa-
tion, but in a region containing matter, electric charge, or sources of heat or =...._E,
respectively, for the various cases, The function f(x, y, z) is called the source density;
for example, in electricity it is proportional to the density of electric charge. :
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\RTIAL DIFFERENTIAL EQUATIONS Ch, 13

ve omitted the z term because the plate is in two dimensions. To solve this
n, we arz going to-7ry a solution of the form

T(z, y) = X(x)Y(y),

as indicated, X is a function only of x, and Yis a function only of y. Immedi-
¢ou may raise the question: But how do we know that the solution is of this
The answer is that it is not! However, as you will see, once we have solutions of
rm (2.2) we can combine them to get the solution we want. [Note that a sum of
ns of (2.1} is a solution of (2.1).] Substituting (2.2) into (2.1), we have
X &2y
Y5+ X—5~= 0.
dx dy
wary instead of partial derivatives are now correct since X depends only on x, etc.)
e (2.3) by XY 10 get
1 #2X 14Y

— i T |§"c-
X dx? +M\&\~

> next step is really the key to the process of separation of variables. We are going
that each of the terms in (2.4) is a constant because the first term is a function of
e and the sccond term is a function of y alone. Why is this correct? Recall that
we say & = sin ¢ is a solution of # = --u, we mean that if we substitute & = sin ¢
he differential equation, we get an identity (# = —u becomes —sin ¢ = —gin 1),
is true for all values of r. Although we speak of an equation, when we substitute
lution into a differential equatiorr, we have an identity in the independent variable.
nade use of this fact in series solutions of differential equations in Chapter 12,
ns 1 and 2.) In (2.1) to (2.4) we have two independent variables, » and y. Saying
2.2) is a solution of (2.1) means that (2.4) is an identity in the two independent
les x and y [recall that (2.4) was obtained by substituting (2.2) into 2.n]. In
words, i (2.2) is a solution of (2.1), then (2.4) must be true for any and all values
. two independent variables x and y. Since X is a function only of x and ¥ of y,
rst term of (2.4) is a function only of x and the second term is 2 function only of
ippose we substitute a particular x into the first term; that term is then some
rical constant. To have (2.4) satisfied, the second term must be minus the same
ant. While » remains fixed, let y vary (remember that x and y are independent)}.
ave said that (2.4) is an identity; it is then true for our fixed x and any y. Thus
econd term remains constant as y varies. Similarly, if we fix y and let x vary, we
hat the first term of (2.4) is a constant. To say this more concisely, the equation
= g(y), with x and y independent variables, is an identity only if both functions
he same constant; this is the basis of the process of separation of variables. From

we then write

— = = — ——= =const. = — &%, k>0, or

Sec. 2 . LAPLACE'S EQUATION 545

The constant 2% is called the separation constant. The solutions of (2.5} are

: in kx &~
(2.6) x =5 D LA
cos kx, Y ek

and the solutions of (2.1} of the form (2.2) are

None of these four basic solutions satisfies the given boundary temperatures. What we
must do now 'is to take az combination of the solutions (2.7), with the constant %
cwovnlw selected, which will satisfy the given boundary conditions. [Any linear com-
annob of solutions of (2.1) is a solution of (2.1) because the differential equation (2.1)
is linear; see Chapter 3, Section 7, and Chapter 8, Sections 1 and 6.] We first discard
the solutions containing ¥ since we are given 7'— 0 as y— 0o, (We are assuming
# > 0; sec Problem 5.) Next we discard solutions containing cos kx since 7" = 0 when
£ =0. This leaves us just ¢ ** sin kx, but the value of ¥ is still to be determined.
When x =10, we are to have T =0; this will be true if sin(10&) =0, that is, if
£ =nn/10 for n =1, 2, ---. Thus for any integral n, the solution
2.8) T = ™10 g I7F

10
satisfies the given boundary conditions on the three T = 0 sides.

Finally, we must have 7= 100 when y = 0; this condition is ngt satisfied by (2.8)
for any n. But a linear combination of solutions like (2.8) is a solution of (2.1); let us
try to find such a combination which does satisfy T = 100 when y = 0. In order to
allow all possible #’s we write an infinite series for 7, namely

2.9) T=Y be " g 22
n=1 10
For y = 0, we must have 7 = 100; from (2.9) with y = 0 we get
(2.10) T,oo=Y b, sin = = 100.
n=1 HC

Buc this is just the Fourier sine series (Chapter 7, Section 9) for f(x) = 100 with
/= 10. We can find the coefficients 4, as we did in Chapter 7; we get

. 2 1 nitr 2 [0
2.11) ?u;._. §in o = oo IRE
; o\g in —= dr-= 15 X 100 sin 0 dx
400
10 nmay[10 200 - dd
=20 —{ —cos — - Ff{ iV __ _ » 0ddn,
m\ T, T T g =g
: 0. evenn
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8§ PARTIAL DIFFERENTIAL EQUATIONS Ch. 13

ositive or negative), Bessel functions, Legendre polynomials, etc. Any linear combina-
n of these basic solutions, with any values of the separation constants, is a solution of
¢ differential equation. The problem is to determine both the values of the separation
nstants and the correct linear combination to fit the given boundary or initial condi-
ms. :

The problem of finding the solution of a given differential equation subject to given
undary conditions is called a boundary value problem. Such problems often lead to
envalue problems. Recall (Chapter 10, Section 4, and Chapter 12, end of Section 2)
at in an cigenvalue (or characteristic value) problem, there is a parameter whose
lues are to be selected so that the solutions of the problem meet some given require-
nts, The separation constants we have been using are just such parameters; their
lues are determined by demanding that the solutions satisfy some of the boundary
nditions. [For example, we found % = n7/10 just before {2.8) by requiring that 7' =0
en x = 16.] The resulting values of the separation constants are called cigenvalues
d the basic solutions of the differential equation [for example, (2.8)] corresponding to
> cigenvalues are called esgenfuncrions. It may also happen that in addition to the
aration constants there is a parameter in the original partal differential equation (for
unple, € in the Schrédinger equation in Problem 7.17). Again, the possible values of
s parameter for which the equation has solutions meeting specified requirements, are
led eigenvalues, and the corresponding solutions are called eigenfunctions.

OBLEMS, SECTION 2

Find the steady-state temperature distribution for the semi-infinite plate problem if the
temperature of the bottom edge is T =f(x) = x (in degrees; that is, the temperature at
x ¢m is ¢ degrees), the temperature of the other sides is 0°, and the width of the plate is
10 em.

2

=1 B

20 2 (—qptt
% (-1 e "8 gy (nax/10).

Aunswer: T =

Solve the semi-infinite plate problem if the botrom edge of width 20 is held at

*cu, 0<xr<10,

T= 100°, 10 < x < 20,

and the other sides are at 0°.

Solve the semi-infinite plate problem if the bottom edge of width = is held at 7 = cos x,
and the other sides are at 0°.

n

4
Answer: T=-= % "

(4

e~ sin nx.
even n n

Solve the semi-infinite plate problem if the botrom edge of width 30 is held at

ol 0<x <15
T30 -x, 15 <x< 30,

and the other sides are at 0°.
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‘5. 7*Show that the solutions of (2.5) can also be written as
o e inh £y,
X = mu h vo sinh ky
. e cosh &y.

.. Also show that these solutions are equivalent to (2.7) if & is real and equivalent to (2.18) if
"' is pure imaginary. (See Chapter 2, Section 12) Also show that X = sin &x — a),
Y =sinh &(y — b) are solutions of (2.5). : .

6.. Show that the series in (2.12) can be summed to get

- 200 m sin An&.\_cvv

T = e A /10)

e -

(with the arc tangent in radians). Use this formula te check the SLEW T= Nm.,ﬂu at

‘x =y =5. Hints for summing the series: Use sin (nme/10) = Im "™*/!? to write the series as

Im Y45 /1. (What is 2?) Compare this with the series for In[(1 + 2)/1 — )] (see
‘Chapter 1, Problem 13.22). Then use (13.5) of Chapter 2.

,.. ~-Solve Problem 3 if the plate is cur off at height 1 and the temperature at y = 1 is held
at 0°. )
4 n

Answer: T=-— M ;

T tyenn

‘sinh n(1 — y) sin nx.

8. Find the steady-state temperature distribution in a rectangular plate 30 cm by 40 cm given
that the temperature is 0° along the two long sides and along one short end; the other short
end along the x axis has temperature

100°, O0<x<li,

0°, 10 <x<30

9. Solve problem 2 if the plate is cut off at height 10 and the temperature of the top edge
is 0°,

T=

10. Find the steady-state temperature distribution in a metal plate 10 cm square if one side is
held at 100° and the other three sides at 0°. Find the temperature at the center of the plate.

4060 T . nfx
 T= Y ——— sinh = (10 — y) sin =,
Answer: T .m o sinh o S g (10 =) sin 25
T(5, 5) = 25°.

I1. Find the steady-state temperature distribution in the plate of Problem 10 if two adjacent
sides are at 100° and the other two at 0°. Hint: Use your solution of Problem 10. You
should not have to do any calculation—just write the answer!

12. Find the temperature distribution in a rectangular plate 10 cm by 30 cm if two adjacent
sides are held at 100° and the other two sides at 0°.

13. Find the steady-state temperature distribution in a rectangular Eﬁ.o covering the area
0 <x<10, 0 <y <20, if the two adjacent sides along the axes are held ar temperatures
T =z and T = y and the other two sides ar (°,

14. In the rectangular plate problem, we have so far had the temperature specified all around
the boundary. We could, instead, have some edges insulated. The heat flow across an edge
is proportional to 0T/dn, where n is a variable in the direction normal to the edge (sec
normal derivatives, Chapter 6, Section 6). For example, the heat flow across an edge lying
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PARTIAL DIFFERENTIAL EQUATIONS Ch. 13

t this one-dimensional problem, F is a function only of x.) The solutions of (3.8) are

) Py = sin kx,
cos kbx,

| the basic selutions (3.2) are

discard the cos £x solution for this problem because we are given u =0 at x = 0,
0 we want & = { at x = /; this will be true if sin &/ = 0, that is, ¥/ = nz, or b = nr/!
envalues). Our basic solutions (or eigenfunctions) are then

1} u = ¢ el g s
!
the solution of our problem will be the series
2) Cum Y byt gy ¥
’ n=1 s RN &

= 0, we want u = u, as in @..c.. E»m.mm..

d . mux 100
3) w= 3y b, sin— =g4y=— 1.

n=1 N N )

- means finding the Fourier sine series for (100/7)x on (0, /); the result (from
lem 1} for the coefficients is :

1
) Fﬂlocwm
I n

(===

200 (— 1yt
n

EIRE]

a‘

1 we get the final solution by substituting (3.14) into (3.12); this gives

200( .. nx 2mx
e {rafl2 oo Vi L= Qmaih - A Lo R iy lwﬂh 4o

} u=

© can now do some variations of this problem. Suppose the final temperatures of
ices are given as two different constant values different from zero, Then, as for the
| steady state, the final steady state is a linear function of distance. The series
} tends to a final steady state of zero; to obtain a solution tending to some other

steady state, we add to (3.12) the linear function u, representing the correct final
y state. Thus we write instead of (3.12)

&
o _ . umx
) : u= 3 b, tm g, 7t
n=1

U

Sec. 3 THE DIFFUSION OR HEAT FLOW EQUATION 553

Then for ¢ = 0, the equation corresponding to (3.13) is

C it nmy
(3.17) wo= 3 b, mgtﬂ+§
n=1
or
x . Bmx
(3.18) g —up = 3 b,sin 5
n=1

Thus when u; # 0, it is wg — u, rather than uy which must be expanded in a Fourier

SCTICS.

So far we have had the boundary temperatures given. We could, instead, have the
faces insulated; then no heat flows in or out of the body. This will be true if the
normal derivative du/dn (see Problem 2.14) of the temperature is zero at the boundary.
(When the boundary values of # are given, the problem is called a Dirichier problem;
when the boundary values of the normal derivative éu/dn are given, the problem is
called a Newmann problem.) For the one-dimensional case we have considered, we
replace the conditon « = 0 at x = 0 and / by the condition du/dx = 0 at x = 0 and / if
the faces are insulated. This means that the useful basic solution in (3.10) is now the
one contazining cos £x; note carefully that we must include the constant term
(corresponding to £ = (). See Problem 7.

PROBLEMS, SECTION 3

1.
2.

Verify the coefficients in equation (3.14).

A bar 10 cm long with insulated sides is initially at [00°. Starting at 7 = 0, the ends are
held at 0°. Find the temperature distribution in the bar at time ¢.

400 1 7
Answer: y=—— Y = T0m10% gp mlm

T oidn P 10

In the initial steady state of an infinite slab of thickness /, the face x = 0 is at 0° and the
face x =/ is at 100°. From ¢ = 0 on, the r = 0 face is held at 100° and the x = / face at 0°.
Find the temperature distribution at time ¢.

100x 400 1 nnx

Answer:  u =100 — ———— - gl o ]
. B a

evenn B u

At £ =10, two flat slabs each 5 cm thick, one at 0° and one at 20°, are stacked together, and
then the surfaces are kept at 0°. Find the temperature as a function of ¥ and ¢ for ¢ > (.

Two slabs, cach 1 inch thick, each have one surface at 0° and the other surface at 100°. At
t == 0, they are stacked with their 100° faces together and then the outside surfaces are held
at 100°. Find u(x, #) for ¢ > 0.

Show that the following problem is easily solved using (3.15): The ends of a bar are initially
at 20° and 150°; at £ =0 the 150° end is changed to 50° Find the time-dependent
temperature distribution, .

A bar of length / with insulated sides has its ends also insulated from time 7 =0 on,
Initially the temperature is u = x, where » is the distance from one end. Determine the
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556 PARTIAL DIFFERENTIAL EQUATIONS Ch. 13 .

them.} In (4.6), we must then discard the term containing sin{zmot/f) since its time

nnléaémmuonmﬁdirnnuHo.éa%m:S_.:narnmo_:mcﬂmowﬁumm —u_.cr_nam:“rn
form .

_ i ¢
4.7) y= 3 b, sin = cos 22
m=1 N ! )
I'he coefficients &, are to be determined so that at 7 = 0 we have Yo = .\.@y that is,
o0
4.8) Yo=Y b, sin m“m = f(x).
n=1

\s in previous problems, we find the coefficients in the Fourier sine series for the given
(x) and substitute them into (4.7). The result is (Problem I)

1.9) ¥y ==3 [ sin = cos — — } sin = cos —— 4 - - -

Another way to start the string vibrating is to hit it (a piano string, for example). In
his case the initial conditions would be y = 0 at ¢ = 0, and the velocity dy/ot at £ =0
iven as a function of x (that is, the velocity of each point of the string is given at
= 0). This time we discard in (4.6) the term containing cos {nrvt/l) because it is not
ero at / = 0. The solution of the problem is then of the form

. ey !
4.10) y=Y B,sin "= gn T2
n=1 ﬁ N
lere the coefficients must be determined so that
m . . [=9]
£11) 2} =Y B anTEC ¥ 4 sin T Ly,
0 /iso W=t ! / w1 !

at is, ¥(x), the given initial velocity, must be expanded in a Fourier sine series (see

roblems 5 to 8).

Suppose the string is vibrating in such a way that instead of an infinite series for ¥
e have just one of the solutions (4.6), say

. WX | mmut
.12) ¥ = sin —— sin z

{ il

r some one value of n. The largest value of sin (nmot/l), for any ¢, is 1, and the shape
f the string then is

13) y = sin =%

1
raphs of (4.13) are sketched in Figure 4.2 for n=1, 2, 3, 4. (The graphs are
caggerated! Remember that the displacements are actually very smail) Consider a

oint x on the string; for this point sin (nmxfl) is some number, say A. Then the
splacement of this point at time ¢ is (from (4.12))

t
14) y = A sin aw

‘Sec. 4 THE WAVE EQUATION: THE VIBRATING STRING 55

¥ e ¥ S
TN SN
0 " A N A N
FIGURE 4.2

As time passes, this point of the string oscillates up dnd down i&.m.on:nnn.w v, ‘m?n.
by w, = nwo/l = 2nv, or v, = nv/(2]); the amplitude of the omnvaE: at m:m point i
A = sin (nnxfl) (see Figure 4.2). Other points of the siring cmnawﬁn with &.mn_.ﬂ
amplitudes but the same frequency. This is the frequency cm_. the ch:mn_ note er_.nw th
string is producing. If » = 1 (see Figure 4.2), the frequency is v/(2)); in music this ton
is called the fundamental or first harmonic. If » = 2, the frequency is just twice that «
the fundamental; this tone is called the first overtone or the second harmonic; etc. A
the frequencies which this string can produce are multiples of the fundamental. .ﬂwm
frequencies are called the characteristic frequencies of the string. (They are proportion;
to the characteristic values or eigenvalues, k = nr/l) The corresponding ways in s.&_n
the string may vibrate producing a pure tone of just one m.@acﬂ_nw. _”Hr.nn.,m. with
given by (4.12) for one value of n)] are called the normal modes of e&«n:aw. The fir:
four normal modes are indicated in Figure 4.2. Any vibration is a combination of m_..mm
normal modes [for example, (4.9) or (4.10)]. The solution (4.12) (for one n) describir
one normal mode, is a characteristic function or eigenfunction.

PROBLEMS, SECTION 4
1. Complete the plucked string problem to get equation (4.9).

2. A string of length / has a zero initial velocity and a yy(x)
displacement yo(x) as shown. (This initial displace-
ment might be caused by stopping the string at the
center and plucking half of ir.) Find the displacement
as a function of x and ¢.

Y] 2 1

> t . .
Answer: y H,nm.m 3 B, sin = cos i , where B, = (2 sin n1t/4 — sin an/2)/n’.
n? = I !
3. Solve Problem 2 if the initial displacement is: yq(x)
Ih |
14 I
4. Solve Problem 2 if the initial displacement is: yix)
1h
: | | x
ii2 71
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) PARTIAL DIFFERENTIAL EQUATIONS

Ch, 13

Finally, the r equation is

r d dR 2 22 _
e e + &+ =0
4 4R 2,2 2

7) u.af w&_. + (k% —~ a)R =0,

is is a Bessel equation with solutions J,(kr) and N,
2);, put x=r, and 4 = k]. Since the base of th
tains the origin, we can use only the J, and not
nite at the origin. Hence we have

e cylinder we are considering
the N, solutions since N, becomes

) R(r) = J (k).

can determine the possible values of # from the cond
ace of the cylinder, that is,
I. From (5.8), we hdve

ition that = 0 on the curved
#=0 when r =1 (for all 8 and z) or R(r) =0 for

) - R =0 =0

1s the possible values of & are the zeros of g,

- The basic solutions for  are then

or our problem, the base of the cylinder is heid ar a constant temperature of 100°,
¢ turn the cylinder through any angle the boundary conditions are not changed;
the solution does not depend on the angle 0. This means that we use cos 70 with
0 in (5.10). The possible values of & are the zeros of J,; call these zeros &y, where
1,2, 3, -+, Then there are an infinite number of solutions of the form (5.10) (onc
sponding to each zero of J,,), and we shall write the solution of our problem as a
s of such solutions (eigenfunctions): _

o0

) . w= Y ¢ Jo(k, rle "

m=1
1z ={), we want u = 100, that is,
.

Uimo =Y, tndollyr) = 100,
1

m=

should remind you of Fourier series; here we want to expand 100 in a series of
| functions instead of a series of sines or cosines. We proved (sec Chapter 12,
n 19) that the functions Jolkm?) are orthogonal on (0, 1) with respect to the
t function ». We can then find the coefficients ¢,, in, (5.12) by the same method
n finding the coefficients in a Fourier sine or cosine series, (For this reason, series

(kr) [see Chapter 12, equation ‘

éci's STEADY-STATE TEMPERATURE IN A CYLINDER 561
Beei b -

like (5.12) are often called Fourier-Bessel series.) Multiply (5.12) by rJo(k,7), u = U.N,
3, «+-, and integrate term by term from r = 0 to r = 1. Because of the orthogon _M
_“mnn hw.wvnn_. 12, equation (19.10)], all terms of the series drop out except the term wi

m = g, and we have
1

I
(5.13) cu | Lotk dr = | 100rJ4(k,7) dr.
i : 0 o

t

For each value of p=1, 2, 3, :+-, (5.13) gives one of the coefficients in (5.11} and
; i is gi . ith ¢ replaced by m..

5.12); thus any ¢, in (5.11) is given by (5.13) wit . .

ﬁ éw need to evaluate the integrals in (5,13). Equation (19.10) of Chapter 12 gives

1

(5.14) T o V1P dr = $T4(k,).
- [v]

By equation (15.1) of Chapter 12
L@ = o,
dx

If we put x = &, r in this formula, we get

= L Lyt (] = b d k).
k,, dr ,
Canceling one k,, factor and integrating, we have
‘ 1 1 L |
(5.19) | otk dr = k)| = Tutk).

Zoé we write (5.13) for ¢, substitute the values of the integrals from (5.14) and
(5.15), and solve for ¢,,. The result is

_ 100J3(kw) 2 200
(5.16) T e Pk Ik

Warning: Remember that k,, is a zero of J,, not of J;. In some mnEnm you may Mum
tabulated the values of J, ( or of Jj, = —J,) at the zeros of Jg; if . not, you can first
find the values of %, (zeros of J,} and then interpolate in a .w 1 table to find the ﬁ‘_mﬁm
of Jy(k,). With the ¢'s given by (5.16), (5.11) is the solution of our Eow._nn.. e
numerical value of the temperature at any point can be found by computing a few
series (Problem 1). .

ﬂnum”wﬁw“w nnrM m.m.<nﬁn,ﬂn5vﬁwwﬁv:nn of the base of the cylinder is more complicated ﬁr»M
just a constant value, say f(r, 6), some function of r and 6. Down to G.:.c we procee
as before. But now the series solution is more complicated than (5.11) since we must
inctude alt J,’s instead of just J,. We need a double subscript on the :ﬁn_unum k which
are the zeros of the Bessel functions; by £, we shall mean the mth ._uom_nﬁ zero of .w..:
s,vawn n=0,1,2 +and m=1, 2, 3, ---. The temperature » is 2 double infinite
series, summed over the indices m, n of all zeros of all the J,’s:

(5.17) = W W (B 7@ ey €O 18 + b, 5in nl)e ™ Fm=,
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364 PARTIAL DIFFERENTIAL EQUATIONS Ch. 13

Comment: Another physical problem -whose mathematical solution is identical with this
temperature problem is this: Find the electrostatic potential inside a capacitor. formed by
two half-cylinders, insulated from each other and maintained at potentials ¢ and 100.

Answer: u=50+ mclc M A.mv sin né

T oddw \& B

13. Find the steady-state distribution of temperature in the sector of z N
circular plate of radius 10 and angle /4 if the temperature is main- g 100

tained at 0° along the radii and at 100° along the curved edge. Fint : -
See Problem 12.

14. Find the steady-state temperature distribution in a circular annulus (shaded
area) of inner radius 1 and outer radius 2 if the inner circle is held at 0°
and the outer circle has half ifs circumference at 0° and half at 100°. Hins
Don’t forget the r solutions corresponding to & = 0.

5. Solve Problem 14 if the temperatures of the two circles are mterchanged,

. VIBRATION OF A CIRCULAR MEMBRANE

\ circular membrane (for example, a drumhead) is attached to a rigid support along its
ircumference. Find the characteristic vibration frequencies and the corresponding
ormal modes of vibration.

Take the (x, y) plane to be the plane of the circular support and ke the origin at its

enter. Let z(x, y, r) be the displacement of the membrane from the (x, y) plane. Then
satisfies the wave equation

I &%=
.1 Vg =~ ——
) | e
utting
.2) &= Flx, y)T{8),

e separate (6.1) into a space equation (Helmholtz) and a time equation (see Probiem
10 and Section 3). We get the two equations

.3) VZF+iF=0 and T+ F?T=0.

ccause the membrane is circular we write V2 in polar coordinates (see Chapter 10,
ction 9); then the F equation is

. 13 [ &F 1 §°F 2

.4) Ta\ 5 U%._xmhﬂc.
'hen we put

.5) F = R(r)&(6),

Sec. 6 . VIBRATION OF A CIRCULAR MEMBRANE 56!

(6.4) becomes (5.5), and the separated equations and their solutions are ?.mn (5.6}, (5.7},
and (5.8). The time equation in {6.3) is the same as in (4.3) and the solutions for T are¢
the same as in (4.4). The basic solutions for z are then

Just as in Section 3, » must be an integer. To find possible values of &, we use the fac
that the membrane is attached to a rigid frame at =1, so we must have 2 =0 2
r=1 for all values of @ and 2. Thus J (f) =0, and we see that S.n.vomﬂ_.u_n value:
(cigenvalues) of £ for each J, are &,,, the zeros of J,. For a ﬁ.m?am initial anme_nnnnﬁw.
or velocity of the membrane, we could find z as a double series as we momam. A.m.:_V it
the cylinder temperature problem. However, here we shall n_o. mo_ﬁunr_nm. different
namely investigate the separate normal modes of avﬁnc.: and their frequencies.

Recall that for the vibrating string (Section 4), each » gives a different m....wn.:nse_. an
a corresponding normal mode of vibration (Figure 4.2). The frequencies are v, =
nv/(21); all frequencies are integral multiples of the frequency v; = v/(2/} of the funda
mental, For the circular membrane, the frequencies are [from {6.6) or (4.4)]

The possible values of % are the zeros £, of the Bessel fanctions. Each value om..m.m.
gives a frequency v,, = &,,,2/(2n), so we have a doubly infinite set of nrmﬂ»nn.nn_mn
frequencies and the corresponding normal modes of vibration. All these .m,na:nsnﬁm ar
different, and they are not integral multiples of the fundamental as is true for th
string. This is why a drum is less musical than 2 violin. Using tables you can lock u
several k£, values (Problem 2) and find the frequencies as (nonintegral) multiples cf th
fundamental (which corresponds to &4, the first zero of J4) Let us mwnﬁn.r a fer
graphs (Figure 6.1) of the normal vibration modes corresponding to EOma in m._m.a:a 4,
for the string, and write the corresponding formulas (eigenfunctions) for the &.mm._uo..m
ment z given in (6.6). (For simplicity, we have used just the cos n6 cos kvt solutions i
Figure 6.1.) In the fundamental mode of vibration corresponding to &,,, the membran
vibrates as a whole. In the &,, mode, it vibrates in two parts as shown, the + pa
vibrating up while the — part vibrates down, and vice versa, with the circie vngnm
them at rest. We can show that there is such a circle (called a nodal line) and find &
radius. Since kyo > kg, the circle r = kyo/k4 is a circle of radius less than 1; hence
i$ a circle on the membrane. For this value of £, Jolkagr) = Jolkag #10/k20)
Jo(k10) = 0, so points on this circle are not displaced. For the k,; mode, cos 8 H.a fc
8 = +m/2 and is positive or negative as shown. Continuing in this way you can sietc
any normai mode {(Problem 1). o )
It is difficult experimentally to obtain pure normal modes of & Sg.w.ms.w objec
However. a complicated vibration will have nodal lines of some kind and it is easy 1




ws s *£>uanba,
omor 6 g Jus .mm‘. s @ g ur s 2@ o1 puodson o”u” 1y H”.H«u. ap 03 asux Butard sapowr reutzon Te13438 Youag ~Aouanbaay owes
S o7 7 |.~ p P 5y CHENDD JATM A1 JO SUOLIN[OS JUSIIPIP Teisads uaym Adessuadop st areyy
~ uuﬁ S M .Awagm»w PITES st teym jo ordwexs ue st sy, (§+ S=0+ 1= _ + .7
o N_W nkv w wm (o°0) w“ﬂﬂsﬂﬂu auo ua\.h supf) -fouonbay ajSuis v o3 Surpuodsarios woneiqia jo sapow NﬁE._Mz
- 7 7 OM1 3q AP 31DYL ISED ST W e moYS ‘arenbs St aueIquIdwr ay; ssoddns jxap

T WRqoig pue {9 2Ly ur suriquisw
M«H_Qﬁ ay 107 prp ob.p FE SAUI[ [epou oy AedIpWI ‘st jey] ‘sousnbay MI] 18Iy oy o3
UIPUOdSaLIos UONEIGIA JO SOPOT [BULIOY 31 Y2393 pue ‘sradajur sanrsod sre w pue SI1aym

) + (/0 Mje) =

" suonenbo om

JATY M 0§ ‘g JO SUOTMDUNJ DIT SULIY) OMI ISE] 9Y] PUE 4 JO UOTIDUNY © SI UL} ISIY Y],
uls urs 4 Y

0l (F )OO (2 NIY
u oF r 11 qp P

(4
se ualHim 5q mou ued (¢77) uonenbiy

‘[(9°¢) 321z woIssSNOSIP Y3 35] ¢ jo uomouny

arportad ® @ oYvwr o) Ixfoym ue w pue aaneSou 9q Isnw Juwisuod uonperedas Iyj,

“du mouw

‘hus wis

are sauanbayy
g SUSLIDEITGD 511 Iy MoYS 'sapis si Juopr suoddns o1 paysene

A1prdu ‘umoys se uriqumu Igmiuear v sopsuoy A ‘x saeUIp
£ =1000 yeMAuTIoar [EUMSUIWIP-OMI UT UonEnbs sapm anp Bﬁsmu.m

. “Aouanbayy ey
-swepuny ap jo sadnmuw se suriqusw temoas Suneiqu e Jo sauanbaly x15 151y M3 punyg

=& -NE' = e A.th o puae o iy @
£ pue “r Uy ©r suonoury jassag oM jo yoes jo "y $0I13Z 3313 151y 2 $3[qEY Uy dn yoo']

:suonnjos sy pue uonenbs ¢ oy wWEIqe oM SNY, ‘¢ WEIUCD 10U Op SULII] OM)

. ‘Y123s Yoes 1apun
19130 5y} pue £[uo ¢ Jo WONOUNY  SIW00Q UL ISP 3 ‘g LUIS £q (g°2) Apdnnur om 31

% uwadeidsip sy Joy FAULIO] 3yl 3Lm ‘I aanSry wr sy ¢ ‘T ‘1= pue ‘7 1 Qo= u
40} QURIQUISW SB[ ¥ JO UOUEIGIA JO SIpOwW [RumdUIEpUny oY) MOys 03 [-9 andig anunuory

w_treose  (or grows e (4 \4#y .
0 .llwtﬂm 1t \er?™) 7 T )7 €0 9 NOILD3S ‘SW31d0
123 o1 (@¥)/;4 £q Adnmuw pue (1°L) o o ‘ [o81 d (z261) 0% 104 Pu® ‘6701 -d (/o
(@)DO)OA =7 @D SE IoA ‘shyd fo ppusmop uprumy sos ‘aweiquow yemoun Supeiqia sy uo

Jeruduradxs soq] "Ajres)d woyy 998 ues nok e O (UODIEAQIA OU SI DIIYY SIDYM) 53

ammansqng ‘smpacoad prepurs amo Sutmofjoj uonenba sy aresedas ayy [Fpou oy Suofe 1291109 [jim 199(q0 Suneiqia 3y U0 papjuLIds pues SuLy -9SHY SALS

\ ws 4 4 i 4 .
=200 A@m s i 6061 4 Tm. v Re_wr @D s 3unowu
.0 I ng g 1 np g1 1 T2y 500 9 00 (A 18Y)Ip s 2 11y 503 § 503 («11g) (p = 2
_ "{g uondag ‘01 Jordeyyy 338} st sy sAeu
-1p1002 Teousyds uj ‘uonenba s 2orde] saysnes # amesadway Iq ‘asoyds ot spisujf
-0 T2 J[BY I3MO] 311 JO 3ITLINS Y3 PUT (0T ¢ PIY St Jrey soddn “
2 JO DELINS IY) USYM | SDIPEL JO a1oyds e opisur axmeradus) aers-Apeass sy puyy
JHAHLS ¥V NI FUNLYHIdWEL ILVIS-AGVILS 'L
*6°G WIS[QOLJ UR SE SOLIAS ILINO
2(qNOp © 95() :ufE 'SPLIGS MIUYGUT Ue Se swm Juanbasqns e adeys sy ssaadxy pasesfar pue 3208y 500 (4023)0p = 2 20Ty S0 (4014)0p = 7
(€ =z — e = (L)
adeys o1 03UI PAAIOWIP SI 7 IPIS Jo.suriquisw renbs y '
¢]
“(¢ ura[qoag 30s) Loeuaop
SSNOSIC] "OMI JO PEIISUT SUOISUIMIP 33 103 Nq § wapqosy o1 st waqosd supy, sayeu - a
..ﬁvucwo Iem3ueIoel ur SUCTSTAUADP ) Ui Uonenba daem S syeaedag cawspr 2 ‘g ‘v SIpIS o
.ﬁ.u {woox v Aes) xoq Jendueiddl ¥ UL UOOEItA PUNODS 10J sapuanbog snsuagorIegy A pur f 2 . —u

€1 YD

195 A8AHAS V NI TUNLVIZJWAL ALVIS-AAVILS I SNOLLVNOF TVIINAIAIIId TVILEVd 9



568 PARTIAL DIFFERENTIAL EQUATIONS

If you compare (7.7) with the equation of Problem 10.2 in Chapter 12, you will see that
(7.7) is the equation for the associated Legendre functions if & = X/ + 1). Recall that /
must be an integer in order for the solution of Legendre’s equation to be finite at
x=cos § = %1, that is, at § = 0 or =; the same statement is true for the equaton for
the associated Legendre functions. The corresponding result for (7.7) is that & must be
a product of two successive integers; it is then convenient to replace £ by A/ + 1),

where / is an integer. The solutions of (7.7) are then the associated Legendre functions
(see Problem 10.2, Chapter 12)

(7.8) © = PP(cos 8).

In (7.6), we put &£ = I+ 1); you can then easily verify (Problem 5.11) that the
solutions of (7.6) are

. X
(7.9) R=147,
r . .
Since we are interested in the interior of the sphere, we discard the solutions r='" !
because they become infinite at the origin. If we were discussing a problem (say about
water flow or electrostatic potential) outside the sphere, we would use these solutions
and discard the solutions #* because they become infinite at infinity.
The basic solutions for our problem are then

[The functions PP{cos ) sin m¢ and Pr'(cos 6) cos m¢p are called spherical harmonics:
also see Problems 16 and 17.] If the surface temperature at r = 1 were given as a
tunction of & and ¢, we would have a double series (summed on / and m) as in Section
5. For the given surface temperatures in our problem (100° on the top hermisphere and
0° on the lower hemisphere), the temperature is independent of ¢; thus in (7.10) we
must have m = 0, cos m¢p = 1. The solutions (7.10) then reduce to r*P(cos ). We
write the solurion of our problem as a series of such solutions:

(7.11) u= Y ¢r'Pcos 0.
=0

We determine the coefficients ¢, by using the given temperatures when r = 1; that is,
we must have

. (100, cAmAm, thatis, O <cosf<l,
(712)  u,oy =Y ¢ Pfcos 6) =
= b
=0 0, ‘NI.A@.A“._“w thatis, —1 <cos @ <0,
or
(7.13) Upoy = M o Plx) = 100f (x),
I=0

Ch. 13

Sec..7 STEADY-STATE TEMPERATURE IN A SPHERE 569

where
0, ~l<x<,

I®=1 o<s<i

(Note that here x just stands for cos & and is not the nco-.&:wna.&.v In mnnm.cn 9 of
Chapter 12, we expanded this £(x) in a series of Legendre polynomials and obtained:

(7.14) F(2) = 3Pox) + 3P,(5) — FP3(a) + $Ps(e) + .

The coefficients ¢ in (7.13) are just these coefficients times 100. Substituting the ¢’s
into"(7.11), we get the final solution:

(7.15)  u = 100[4Py(cos ) + 2rP,(cos 0) — sr*Ps{cos 0) + 1ir°Ps(cos ) +---1.

We can do variations of this ﬁ.SEaB. Notice that we have not even Bnnmwsmg so far
what temperature scale we are using (Celsius, m.»n.—duromﬁ absolute, etc.). This is ‘N very
easy adjustment to,make once we have a solution in any one scale. To see why, o mnwﬁ
that if » is a solution of Laplace’s equation V?u = c. or of the heat flow nnsm.soﬂ_
V2i = (1/a*)(8u/d1), then u + C and Cu are also solutions for any no.bm"u.an G 9 we
add, say, 50° to the solution (7.15), we have the temperature &mn.o_wcso: Em_H .npw
sphere with the top half of the surface at 150° and n.ﬁ _.oﬂn.n rmm..sn m@ , If we multiply
the solution (7.15) by 2, we find the temperature distribution with grven surface tem-

. ° and 0°, and so on. - . .
wn%wﬂnmwhwwwwzww of z.un equatorial plane 8 = /2 or cos & = 0 as given by o@%mﬂoum
(7.11) to (7.15) is halfway between the top mum,‘coﬂc.a mm.:.?nn nmgva_.maqnm_ ) ecause
Legendre series, like Fourier series, converge to the midpoint of a jump in the unction
which was expanded to get the series. To solve the problem of the Sﬂmﬁ.mm”_..o w_n a
hemisphere given the temperatures of the spherical surface and of the ‘Ba»ﬁon plane,
we need only imagine the lower hemisphere in place and at the proper temperature to
give the desired average on the equatorial plane. <S~.n= the temperature of the equa-
torial plane is 0°, this amounts to defining the function f{x) in (7.13} on (-1, 0) 1o
make it an odd function.

PROBLEMS, SECTION 7

Find the steady-state temperature distribution inside a sphere of radius 1 when the surface
temperatures are as given in Problems 1 to 10.

1. 35(cos A)* . 2, cos 8 —(cos 0)°
3. cosB—3sin® 8 4. 5cos’ @ —3sn? 0
-5. ]cos 8] 6. w2 —60. Hint: See Chaprer 12, Problem 9.4.
cos 8, 0<8<nf2, that is, upper hemisphere,
L 0, m2 <@ <m  thatis, lower hemisphere.
8. A_Sn 0<0<mf3 \iu: Sec Problem 9.8 of Chapter 12.

0°, otherwise.

9. 3 sin 0 cos O sin ¢b. Hinr: See equation (7.10) and Chapter 12, equation (10.6).
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Ch, 13

FIGURE 8.2

As before, the contribution to ¥ at P due to each bit of mass satisfies Laplace’s
equation and therefore J satisfies Laplace’s equation. Also the total field F at P is the
vector sum of the fields due to the elements of mass, and as before we have

V-F= V=

Again note that we are implicitly assuming that none of the mass distribution coincides
with P, that is, that » = 0, which means that point P is not a point of the region T.
Now let us investigate what happens if P is a point of 7. Can we find ¥ from (8.3)
nd does F satisfy Laplace’s equation? Let 5 be a small sphere of radius z about P;
imagine all the mass removed from . (Figure 8.2). Then our previous discussion holds
at points inside § since these points are not in the mass distribution. If F' and 7’ are
he new field and potential (with the matter in S removed), then V- F' = — V2] =
1t points of 5. Now restore the mass to .§ ; let F and V represent the field and potential

lue to the whole distribution and let Fs and Vg represent the field and potential due to.
ust the mass in §. Then

F=F +F,
ind at points inside S

8.4) d.ﬁﬂd.w,.fﬂ.-uuﬁﬂ.mm
ince V- F =0in §.
By the divergence theorem (see Figure 8.2 and Chapter 6, Section 10)

8.5) V- Fsdo= Fs - n do.

valume surface
of & of §

 we let the radius 4 of S tend to zero, the density p of matter in S tends to its value
- P; thus for small 4, S contains a total

mass M approximately equal to $na’p, where
is cvaluated at P. The gravitational field at the surface of S due to this mass is of

agnitude
GM 4
Fe= = G 3 ap
rected toward P. Thus in 85),F;-n= —4%Gnap because Fs and a are antiparailel.

ince Fg is constant over the surface S the right-hand side of (8.5) is Fyg-u times the

: ’ POISSON'S EQUATION 573
Séc, 8 .

area of the sphere. The left-hand side is, for small 4, approximately the value of V -Fy
at P times the volume of S. Then we have ,

(V - F5)(§na®) = (—$Gnap)(dna’)

or .

(8.6) V:Fs= —42Gp at P,

Since R
V:-Fg=V :-F=-V- -VW= -V},

we have

¢9) ViV = 4nGp.

This is Poisson’s equation; we see that the gravitational voanbmu_. in a region containing
matter satisfies Poisson’s equation as claimed in (1.2). Note that if p = 0, (8.7) becomes

8.2} as it should. . . . o . .
ﬁ Zvnun we must consider whether our formula (8.3) for ¥ is valid when P is a point of

the mass distribution. The integral appears to diverge at r = 0, but this is not really so
as we see most casily by using spherical coordinates. Then (8.3) becomes

v %: S 2 Gn 6 dr 4B 49

r
volume ¢

and we see that there is no trouble when r = 0. Thus (8.3) is valid in general and gives
a solution for (8.7). . . . .

,.mebm the notation of (1.2) for Poisson’s equation [that is, replacing 4nGp by f and
V by u in (8.7) and (8.3)] we can write

1 fdt . . 2,
s e e E ikl lution of V*u =f.
(8.8) u = yy .‘..:A " is a solu

In the more detailed notation needed when we use this solution in a problem, (8.8)
becomes (see Figure 8.3):

In (8.9) and Figure 8.3, the point (x, y, z) is the point at .E.nnw. we are n»_nann.:m the
potential #; the point (¥, 3, 2) is a point in Eo mass n_mB_..E.no: over i?m: mém
integrate; r in (8.8} is the distance between these two points and is written out in fu

" mmmn.*wmonm (8.8) or (8.9) actually give a very special mcE@oJ of Poisson’s equation.
Recall that it is customary to take the zero point for gravitational (and &mﬂncmﬂanv
potential energy at infinity, and this is what we have.done. Thus (8.8) or (8.9) gives a
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576  PARTIAL DIFFERENTIAL EQUATIONS
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MISCELLANEQUS PROBLEMS 577

Thas the coefficients ¢, in (8.17) are given by

R’ ‘

§_+~

Q.MNNT‘. | g

I
&+H

Substituting (8.19) into (8.16), we obtain the final solution for V.
q

- —4¥ R+ 1p-1=1p(0ns 6)
z\wwlwﬁwocmm+&n 7

&m +1
Since the mnoﬁ.:_a term in {8.20) is of the same general form as (8.18), we can simpli
Aw.NScwmaEBEmﬁrnmﬂ.mnmnomn:_u_.ognﬂ Nv ,

(8.19)

Smwlhlw —_

(0

(8.20) 1

= q _ (R/a)q
7> — 2ar cos 0 + a* V1 + (RP/ay* = 2r(R%/a) cos m..

m.onaz.mw‘&.mc has a very interesting physical interpretation. The second term is the
potential of a charge —(R/a)g at the point (0, 0, R%/a); thus we could replace th
grounded sphere by this charge and have the same vonnam& for r > R. This %mc_ﬁ ca
._un mrowﬁ also by elementary analytic geometry and is known as ﬂ.rn “method .a,
images. m”o_. problems with simple geometry (involving planes, spheres, circular
cylinders), it may offer a simpler method of solution than the one “z.n have mmmn_._mma&

however, our purpose was to illustrate th
Sonraes S : € more gencral method. {Also see Chapter 15,

14

(8.21)

PROBLEMS, SECTION 8 u

i,

m:ro‘«m‘ Mrnn the m._.u&nnnowmm vwngm& V' = —Gmjfr satisfies Laplace’s equation, that is, show
that V*(1/r) = 0 where 7% = 2% 4 y* 4 2%, r# 0, (Also see Chapter 15; Section 8.) .

Using the formulas of Chapter 12, Section 5, sum the serics in (8.20) to ger (8.21).

WM MM%MMH vV _“ .mx Sv_a _w o mmn ¢ of a charge g inside a grounded sphere to cwsmm
insiie the sphere. Sum the 1 : .
solving this problem, series solution and state the image Bﬂr& of

Do the niou.&_smamwo:u_. anzlogue of the problem in Example 1. A “point charge” in 2 plane
MHM»:” W&%mmn»:w a :b&..oﬂﬂ charge along an infinite line perpendicular to the plane; 2
o mMM nI at zero 123"“”; means an infinitely long circular cylinder perpendicular to .mx
- However, since all cross sections of the parallel line an: i
. ! ; and cylinder are the s h
problem is a two-dimensional one. Hint: Th i 1 ration in
: . K e potential must satisfy Laplace’s equation i
charge-free regions, What are the solutions of the two-dimensional ﬁavmwnnwnn_cwﬂmo” ? e

Find the merhod of images for Problem 4.

9. MISCELLANEOUS PROBLEMS

1. Find the steady-state remperature distribution in a

ectan; i
0<x<1,0<y<2if T=0fors= recangular plate covering the area

o.a;hrg\ﬂnvm.&uﬁhﬂin».oc‘ﬂm. 6

Solve Problem 1if T=0 for x = 0, » = Ly=0,and T=1—x for y=2. Hins: Use

cinh bu ae tha v calurinm « thaw T o A sedeae . n

. A plate in the shape of a quarter circle has boundary temperatures

..u.”,..

R

.Solve Problem 1 if the sides x =0 and x = | are insulated (see Problems N.E.. and 2.135),

and T=0fory=2T=1-xfory=0.

Find the steady-state temperature distribution in a plate with the boundary temperatures
T=30° for x=0and y=3, T=20° for y = 0 and x = 5. Hint: Subiract 20° from all
ternperatures and solve the problem; then add 20°. (Also see Problem 2.)

.&..mﬁ.. of length / is initially at 0°. From = 0 on, the ends are held at 20°. Find u{x, ¢) for

>0
Do Problem 5 if the x = 0 end is insulated and the « =/ end held at 20° for > 0. (See

: -Problem 3.9.)

Solve Problem 2 if the sides x = 0 and x = 1 are insulated.

A slab of thickness 10 cm has its two faces at 10° and 20°. At ¢ = 0, the face temperatures
are interchanged. Find a(x, #} for ¢ > 0.

A string ‘of length / has initial displacement yo = (I — x). Find the displacement as a

function of x and ¢,

Solve Problem 5.7 if half the curved surface of the cylinder is held at 100° and the other
“half at —100° with the ends at 0°. , :

The series in Problem §.12 can be summed (see Problem 2.6). Show that

100
u=>50+ Iu.nl arctan

2ar sin 6

2 2

as shown. Find the interior steady-state temperature u(r, 8). {See
TProblem 5.12.)

mE: the series in Problem 12 to get

260
% = — arctan
£

24*r% sin 20

P

- Hint: See Problem 2.6.

.>._~o.um cylinder has been cut into quarter cylinders which are insulated from each other;
ilternate quarter cylinders are held at potentials +100 and —100. Find the electrostatic
potential inside the cylinder. Hints: Do you see a relation to Problem 12 above? Also see

Probiem 5.12.

Repeat Problems 12 and 13 for a plate in the shape of a circular sector of angle 30° and
radius 10 if the boundary temperatures are 0° on the straight sides and 100° on the circular
arc. Can you then state and solve a problem like 147

Consider the normal modes of vibration for a square membrane of side 7 (see Problem 6.3).
Sketch the 2,1 and 1,2 modes. Show that the combination sin x sin 2y —sin 2 sin y of
these two modes has a nodal line along y = x. Thus find a vibration frequency of 2

- citrsnma i tha chane af 2 46° richt rriansgle.
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